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ABSTRACT 

We relate the "Fourier" orbital integrals of corresponding spherical 
functions on the p-adic groups SO(5) and PGL(2). The correspondence 
is defined by a "lifting" of representations of these groups. This is a 
local "fundamental lemma" needed to compare the geometric sides of the 
global Fourier summation formulae (or relative trace formulae) on these 
two groups. This comparison leads to conclusions about a well known 
lifting of representations from PGL(2) to PGSp(4). This lifting produces 
counter examples to the Ramanujan conjecture. 

I n t r o d u c t i o n  

Let G be the special or thogonal  group, defined over a local field F ,  by an anti- 

diagonal form, with upper  tr iangular minimal parabolic subgroup. An explicit 

definition is given in Section 0, where G is denoted by SO(3, 2). Let Co (0 E F x ) 

be a subgroup of G isomorphic to the special or thogonal  groups SO(2,2)  or 

SO(3, 1) (see Section 0). Denote by P the maximal  upper  t r iangular  parabolic 

subgroup of G with abelian unipotent  radical N.  For any spherical funct ion f C 

Cc(K\G/K),  K being the s tandard  maximal  compact  subgroup of G, consider 

the Fourier orbital  integral 

/N /co f(ngh)~bN(n)dhdn, 

where C g  is a certain character  on N depending on a fixed character  ¢ of F with 

conductor  R (integers of F) .  The  N-Ce-orbi ts  of maximal  dimension are of the 
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form Na~7oCo , where a~ is the diagonal matrix diag(c~, 1, 1, 1, a -1) and 70 is 

defined below. We are interested in g of the form aa70, and denote the integral 

for such g by ~ ( a , f ) .  

Let H be the group PGL(2) over F. By the Bruhat decomposition it is 

NIA ~ U N~wN~Aq Define a character on the upper unipotent subgroup N ~ by 
CN,(n') -- ¢(x), where n' = n'(x) e N'. 

For any spherical function f '  on H (i.e. f E Cc(K'\H/K')) ,  define the Fourier 
orbital integral 

~ ' (a ,  f ' )  = IN' /A ' f '(n'  wn'(~)a')¢N'(n')~(a')da'dn'' 

where ~ is X0 (the unramified quadratic character on F × ) in the split case, and 

1 in the non-split case. 

Let ~r¢ = Iv(C, 1/2 + ¢) be a (certain) unramified representation of G, induced 

from its Borel subgroup B. Let lr~ = IH(~,--~) be a (certain) unramified repre- 

sentation of H, induced from its Borel subgroup Bq We say that  two spherical 

functions f on G and f~ on H are corresponding if their Satake transforms are 

equal, i.e. tr Ire(f) = tr r~(f'), for all complex numbers ~. 
Consider a pair of corresponding functions ( f , / r ) .  The main result of this 

paper shows that  their Fourier orbital integrals are related by 

• (cz, f )  =- (0,(~)~b(~)l~l~'(cz-l,f'), 

where (0, a) is a Hilbert symbol. 

Our paper was motivated by Flicker-Mars [FM], which deals with lifting rep- 

resentations from H = PGL(2) to G = PGSp(4). It uses the property that  the 

lifts have periods with respect to the cycle (closed subgroup) Co. Here Co is the 

centralizer of diag(a0, ao) (ao = antidiag(1, 0)) in G. This property led [FM] to 
apply the theory of the Fourier summation formula for PGSp(4) and the cycle Co 

over a global field. This summation formula is a special case of Jacquet's relative 

trace formula. Other approaches to establishing this lifting of representations use 

the theory of the Well representation (see Oda [O], Rallis-Schiffmann [R], [RS], 

Langlands [L], Piatetski-Shapiro [PS]). 

The Fourier summation formula is obtained by integrating the kernel K/ (n ,  h), 

in fact its product Kf(n,  h)~N(n ) with the complex conjugate of the value of the 

character CN on N(A), over n e N(F) \N(A)  and h • Co(F)\Co(A). This kernel 

of the convolution operator r(f) on the space of cusp forms on (](A), has the 
geometric expansion ~ e G ( f ) f ( n - 1 7 h ) ,  and a spectral expansion. One com- 

pares the geometric side of the summation formula on G(A) (= PGSp(4, A)) to 
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the geometric side of a similar summation formula on H(A) (= PGL(2, A)). The 

equality of the geometric sides (for different test functions) implies the equality of 

the spectral sides of these two formulae. This can be used to obtain various con- 

clusions about lifting of representations from PGL(2, A) to PGSp(4, A). To carry 

out the separation argument which plays a key role in these studies one needs a 

"fundamental lemma", which asserts that corresponding spherical functions on 

PGSp(4) and PGL(2) have matching Fourier orbital integrals. 

Proposition 8 of [FM] states a precise form of the conjectured fundamental 

lemma. A direct proof of this statement for the unit elements in the Hecke 

algebras is given in Proposition 6 of [FM]. 

Note that  under the isomorphism of PGSp(4) with SO(3, 2), if 0 is a square 

in F x, the image of Ce is the split group SO(2, 2), and if 0 is non-square, it 

is SO(3, 1). This paper proves the fundamental lemma conjectured in [FM] for 

the pairs of local groups SO(3, 2)/SO(3, 1) and SO(3, 2)/SO(2, 2); remarkable 

cancellations simplify the proof, indeed make it possible. 

The proof is based on computing the Fourier transforms of the orbital integrals 

(referred to also as the Mellin transform, since the variable of integration is 

multiplicative). By the Fourier inversion formula, the equality of the Fourier 

transforms of the orbital integrals implies the equality of the orbital integrals 

themselves. This approach avoids dealing with the asymptotic behaviour of our 
orbital integrals. It was first used in Jacquet [J] for the unit element, and then 

extended by Mao [M] for the general elements (in their case of GL(3)). In our 
case, the unit element is treated in [FM] by direct computations. Here, we give 

the complete proof of the "fundamental lemma" of [FM]. Another interesting 
question in this direction is the generalization of these results to the case of 

S O ( n ) / S O ( n  - 1). We hope that this method would apply in this case too. 

Our "Fourier" situation is significantly different from that of standard conju- 

gacy, where it is known that: (1) the fundamental lemma for the unit element 
implies it for general spherical functions, and (2) the knowledge of the transfer of 

orbital integrals of general functions implies in principle the fundamental lemma 

for the unit element, and vice versa. No such results are known in the "Fourier" 

setting of this paper, in particular since there is no analogue of the reduction of 

orbital integrals to ones of elliptic elements on Levi factors. Of course it will be 

of much interest to establish analogous of (1) and (2) in the "Fourier" case. 

ACKNOWLEDGEMENT: Professor Y. Flicker suggested this problem to me. I 

would like to thank him for numerous helpful discussions on this subject, and 

Dr. Z. Mao for discussions about his paper. 
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0. S t a t e m e n t  o f  r e su l t s  

Let F be a local non-archimedean field, of residual characteristic ~ 2. Denote 

by R the (local) ring of integers of F. Let 7r E F be a generator of the maximal 

ideal of R. Denote by q the number of elements of the residue field F = R/TrR of 

R. Normalize the absolute value on F x by ]Tr] = q-1. Fix an additive character 

¢ on F with conductor R (i.e. ¢ is trivial on R but not on 7r-lR).  

Let G = SO(3, 2; F)  be the the group of g E SL(5; F)  with tgjg = j ,  where 

tg is the transpose of g and J -- Jh. Here J~ - -  (hnq-l_i,i) is the n by n matrix 

with l 's  on the antidiagonal and O's everywhere else. Then G is the split special 

orthogonal group in five variables. Denote by V the five dimensional vector space 

of columns, over F.  The group G acts on V via multiplication on the left. In 

the split case, let v0 E V be the column t(0,0, 1,0,0). Set C -- StabG(v0). Then 

C is the split special orthogonai group over F in 4 variables; we denote it by 

SO(2, 2; F).  The symmetric space G/C is known to be isomorphic (via the map 

g ~-> gvo) to a four dimensional closed subvariety S of V, given by a quadratic 

equation. In the non-split case, let v0 E V be the column t(0,20,0, 1,0), 

not in (F  x)2. In Section 1.2 we define a subgroup C~ of PGSp(4). We denote 

by Ce = SO(3, 1; F)  the image of C~ under the isomorphism from PGSp(4) to 

SO(3, 2). In Lemma 1.4 we show that Ce = Stabc(v0). The quotient G/Ce is 

known to be isomorphic (via the map g ~-+ gvo) to a four dimensional closed 

subvariety S of V, given by a quadratic equation. To simplify the notations, we 

write Co for both split and non-split cases. The split case corresponds to C1, 

where C1 = C. 

Denote by P the maximal upper triangular parabolic subgroup of G with 

abelian unipotent radical, N. The subgroup B denotes the upper triangular 

Borel subgroup of G. Let K -- SO(3, 2; R) be the standard maximal compact 

subgroup of G. Define 

A = {as = diag(~, l, l ,  l, ~ - l ) ;  ~ e FX}, M = {diag(1,m, 1); m e SO(J3)}. 

Then P = NMA. Let A0 be the diagonal subgroup of G and No the maximal 

unipotent subgroup of B. We have B --- AoNo. Note that N is a subgroup of No, 

isomorphic to F 3. We will write n = n(xl, x2, x3) (as in 1.1). In the split case, 

define a character Cg on N by Cg(n) = ¢(z2), where n = n(xl, x2, x3). In the 

non-split case, set Cg,0(n) = ¢ (x l  + 2~z3). 

The subgroup N acts on G/Co by multiplication on the left, turning it into 

a disjoint union of N-orbits. By Proposition 1.5 of Section I the N-Ce-double 

cosets in G of maximal dimension (which is equal to 9, as dim(N) = 3 and 

dim(C0) = 6) are represented by a~'0,  as E A, for a certain matrix 0'0, defined 
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at the beginning of Section I. Moreover the N-orbits of S of maximal dimension, 

3, are of the form Na~%vo, as C A. 
As usual, denote by C(X) the space of complex valued functions on an/-space 

X (see [BZ]), and in C~(X), the subscript "c" indicates "compactly supported", 

and "oc" means "locally constant". For any f C C~(G), define 

= Iv f(gh)dh. Cs(gv0) 

Then ¢S E C~(S). If f is a spherical function (i.e. K-biinvariant, or f E 

Cc(K\G/K)), or even if only f E Cc(K\G), then ¢I E Cc(K\S). For any 

¢ C C~(S) ,  define the orbital integral 

~((L ¢) = IN ¢(na'~/°v°)~N(n)dn" 

Let H be the group PGL(2, F). Its elements will be denoted by their repre- 

sentatives in GL(2). Note that H has a trivial center. Denote by B ~ the upper 

triangular Borel subgroup of H. Let K ~ -- PGL(2, R) be the standard maximal 

compact subgroup of H. We have B r = NrA ~, where 

{ (1 x) } 0) } 
N~= n ( x ) =  0 1 ; xGF , 0 1 ; a e F ×  " 

Define a character Cg' of N '  by •g,(n(x)) =- ¢(x). Let X0 be the trivial or an 

unramified quadratic character of F × (i.e. X0(Tr) 2 = 1, and xo(R ×) = 1). Put  
L = X0 in the split case and 1 in the non-split case. Define the integral 

~H(C~, f ' ) - - - - f ; '  /A' f '  ( n  ( 0 _ 1 0 1 ) ( 1 0  c ~ ) ( a l  0 0 ) ) 1  ~(a)¢N'(n)dndXa" 

Denote by Cc(N'\H, ~Y') the space of complex valued compactly supported 

modulo N ~ functions Cr on H, which satisfy (for any n E N') the relation 

¢'(n9) = ~N, (n)¢ ' (g ) ,  

where ~ denotes the complex conjugate of z. Write Cc(N'\H/K',¢N,) for the 

space of such right K~-invariant functions. Given ff  G C~ ( H) ,  define a function 

¢~, E C~(N'\H,¢N,) on H by 

¢/' (g) =/N' Cg' (n)f' (ng)dn. 
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If f '  is K'-biinvariant, then ¢~, E C~(N'\H/K', CN')- Define the integral 

~ , ( c ~ , ¢ ~ , ) = . ~ , ¢ ~ , ( (  0 1 1 a a 0 
- 1  0 ) ( 0  1 ) ( 0  1 ) )L (a )d×a"  

Thus, by definition ~ ' (a ,  ¢~,) = ~g(a, if). 

De~nition: The functions f E C~(G) and f '  E C~(H) are called m a t c h i n g  if 
for every c~ E F × we have 

• Cs) -- (0, -1, 

Note that in the split case (0, a) -- 1. 

Let 1r = IG(~, ~') be the representation of the group G which is normalizedly 

induced from the character tal I¢Ia2I ¢' of the Borel subgroup, B, where a l  and c~2 
are the two simple roots of G with respect to B. The space of this representation 
consists of locally constant functions ¢, such that 

¢(nak) = 6~/2 (a)Io~1 (a)I ¢ 1o~2 (a)I ¢' ¢(k), 

where n E N, a = diag(a, fl, l , • - l , a  -1) and a l (a)  = a/fl ,  a2(a) = fl; G acts 

by right translation. Let f be a K-biinvariant, compactly supported function. 

Define its Satake transform f v  b y  fv(lr) = trlr(f). 
Let ~r~ = IH,xo (~,, --~) be the representation of the group H which is normal- 

izedly induced from the character 

( a n )  b e ( a )  0 b ~ Xo -~ 

of B ~. 
Let ff  be a K'-biinvariant, compactly supported function on H. Its Satake 

transform is defined again by f'V(Tr') = trlr '(f ').  

De~nition: The K-biinvariant function f on G and the KP-biinvariant function 

ff  on H are called c o r r e s p o n d i n g  if for any complex number ~ we have 

fv(~r¢) = ffv(Tr~), 

where 7r¢ = Ia(~, 1/2 + ~) and 7r~ = /H,~o(~,--~) are the representations of G 

and H defined above. 

The unit elements f0 and f,0 of the necke algebras Cc(K\G/K) and 

Cc(K'\H/K'), which are the characteristic functions of K and K '  divided by 
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their volumes, are corresponding. It is shown in [FM] that they are matching. 

The main result of this paper is the following extension of that result, conjectured 

in [FM]. 

THEOREM: Corresponding f and fl are matching. 

Our approach is analogous to that of [J], [M]. An alternative approach would 

be to directly compute the integral. The general structure of the proof is as 

follows. Under the action of K,  S can be decomposed into K-orbits. Each 

orbit has a representative (see Proposition 1.7) of the form drvl (r > 0), where 

dr = diag(zr r, 1, 1, 1, ~.-r). In the split ease Vl = t(1/2, 0, 0, 0, 1), in the non-split 

case va = t(20, O, O, 1, 1). The main result of Section I is Proposition 1.8, which 

computes the volume of Kdrvl. This section contains also some results needed 

in Section II. 

We write 9v(¢) : ¢' (where ¢ C Cc(K\S) and ¢' C Cc(N'\H/K',¢N,)) if 

fs¢(s)T~(s)ds = fa, ¢'(a)W¢(a)lal-lda. 
Here T¢ is the K-invariant function on S, such that T¢(dovl) -- 1 and for r _> 1 

(see Proposition 2.2) 

T¢(drvl) = ~ (q'~+~_ - 1)(1 _:F_q -½-~) -r(~-¢) 
~(¢,_¢} (q~ - q-Q(q~ ={: q-½) q 

where the " - "  sign occurs in the split case and "+" in the non-split case. The 

function Wi is the normalized unramified Whittaker function in the space of the 

representation r~ (see Proposition 2.4). 

We show in Proposition 2.5 that .T is a linear bijection between the spaces 

Cc(K\S) and C~(N'\H/K', ~)N'). 
The map f ~+ Cf from C~(K\G/K) to Cc(K\S), and the map f '  ~-+ ¢}, 

from Cc(K'\H/K') to Cc(N'\H/K',¢N,), are used in Section II to show that  
the relation/v(Tr¢) = f'V(Tr}) is equivalent to ~-(¢f) -- ¢},. 

Define Cr to be the characteristic function of the orbit Kdrvl. Since K \ S  is 

the disjoint union of KdTvl, r > 1, (Proposition 1.3) the set {¢r; r _> 0} is a basis 
T of the space C~(K\S). Define (I)r = ~i=o¢i. Then the set {(I)r;r >_ 0} is also a 

basis of Cc(K\S). 
Now, we consider the group H. Since H = N~A'K ', any function in 

C~(N'\H/K',~N,) is defined by its values on A'. For r >_ 0, define the func- 

tion ¢" in this space by 

0)){1 
0 1 0, otherwise. 
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We show in Proposi t ion  2.4(2) tha t  ¢ '(diag(ch 1)) = 0 if lal > 1. Hence, the set 

{err; r > 0} is a basis of Cc(N ' \H/K  ~, CN'). Withou t  lost of general i ty we assume 

tha t  X0(Tr) -- - 1 .  Indeed, if this i s  not the case then we can change the basis 

¢~ ~-+ ( -1)~¢~.  Set ¢~ = 0 if r < 0. The  main  result of Section I I  asserts  t ha t  

for any integer r > 0, we have $ - ( ~ )  = (-1)~qr(¢'~ ± ¢'~-1), i.e. 

~s (~r(8)T¢(8)d8 =- (--1)rq r / A  (¢~r(a) =t= ¢~r_l(a))W¢(a)lal-lda, 

where as usual the "+"  sign occurs in the split case, and the  " - "  in the non- 

split case. Thus,  if two spherical functions f C C~(G) and f '  E C~(H)  are 

corresponding we have $-(¢f)  = ¢) , .  Since F :  Cc(K\S) --+ Cc(N'\H/K' ,  ~bN,) 
is an i somorphism of two vector  spaces, to prove tha t  corresponding functions 

are ma tch ing  (i.e. fig(c h ~bf) = (0, a)~b(c01c~lfig'(c~ -1 ,  ¢) , ) )  it is enough to show 

tha t  (for r > 0) 

fig( , = Co, (-1)Tq~(¢'~ :l: (Yr-1))" 

In Section I I I  we show tha t  (for any r _> 1) 

IF× fig(a, Or)X(a)dX a = IF× (0, oO¢(a)lalfig'(a-' , (--1)Tqr(¢l r ± dJr_l) )X(a)dX a, 

where X is any complex valued character  of F x . The  case r = 0 follows f rom this 

result  and f rom the case of the unit  element,  t rea ted  in [FM]. If  X is ramified bo th  

integrals are equal to 0. The  Fourier inversion formula now implies the required 

result  for the  split case. 

I .  T h e  g r o u p  G, s u b g r o u p  C a n d  t h e  K - o r b i t s  o f  G/C 

1.1. T h e  group  G 

T h e  group G = SO(3, 2) can also be  defined as 

{g e GL(5); Q(gv, gv) --- Q(v, v), det(g) = 1}, 

where  Q(v, w) = tvJw, hence Q(v, v) = tvJv = 2vlv5 + 2v2v4 + v] is a quadra t ic  

form on the  5 dimensional  vector  space V of columns. Let  P be  the max ima l  

uppe r  t r iangular  parabol ic  subgroup of G with abel ian unipotent  radical,  N.  Let  

B be the  uppe r  t r iangular  Borel subgroup of G.  



Vol. 106, 1998 ORBITAL INTEGRALS ON SO(5) AND PGL(2) 37 

Det~nition: Define the matr ix  

/ / 1 x 3 x~ x~ z 
1 2 0 1 - x 4  - g x  4 xl  

(1) n = n (x l , x2 , x3 , x4 )  = 0 0 1 x4 x2 , 

0 0 0 1 x3 
0 0 0 0 1 

where 

t I 1 x X 2 1 2 (2) X; ~- X 3 ~--- O, X 2 q - X  2 : X 3 X 4 ,  X 1 n t - x  1 ~- - - X 2 X 4  -~- ~ 3 4, Z : - -XlZ3  -- ~X 2. 

Let Ao = {diag(a,  fl, 1 , f l - l , a - ~ ) ;  a ,  f l ¢  0} be the diagonal subgroup of  G.  

Let No = {n = n(x l ,  x2, x3, x4)} be the upper  t r iangular  maximal  unipotent  

subgroup of Bo. P u t  n(x l , x2 , x3 )  = n (x l , x2 , x3 ,0 ) .  We have B = A o N o  and 

P = N M A ,  where {(lOO) } } 
M =  0 m 0 ; m E S O ( J 3 )  , A =  0 I 0 ; a ¢ 0  , 

0 0 1 0 0 a -1 

and N = {n = n(x l , x2 ,  x3)}. The s tandard  Levi subgroup of P is the p roduc t  

M A .  

If x4 = 0 the condition (2) reduces to x~ + xi = 0 (i = 1,2,3)  and z = 
1 2 --XlX 3 - -  " ~ X  2 .  We define G = G ( F ) ,  P = P ( F ) ,  g = N ( F ) ,  d = A ( F ) ,  

No = N o ( F )  and Ao = Ao(F ) .  Define the character  ~bN on N. In the split case, 

let C N ( n ( x l , x 2 , x 3 )  ) = g)(x2) .  In the non-split case, let C N , O ( n ( X l , X 2 , X 3 ) )  = 

¢(Xl + 20xa). 
Consider the split case. Pu t  

C =  0 1 0 ; A3 A4 c S 0 ( J 4 )  . 
A 3 0 A4 

LEMMA 1.1: Put  Vo = t(0, 0, 1, 0, 0), and C = C ( F ) .  Then C is the stabilizer of  

vo under  the action of  G on V, and the map g ~-~ gvo embeds G / C  into S, where 

S is the sphere v in V such that Q(v, v) = 1. 

Proof: Clearly C = Staba(vo) .  Since G is the group SO(J) ,  and the third  

column x of any element g of G is gvo, x satisfies the condit ion Q(x, x) = 1. 
| 

Remark: Note tha t  

s = {~(xl, x~, x3, x4, xs) e v;  2~1~5 + 2 z ~ 4  + x~ = 1}. 
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1.2. T h e  i s o m o r p h i s m  b e t w e e n  SO(3,2) a n d  PGSp(4) 

Let G' be the group PGSp(4, F)  of matrices g E GL(4, F)  such that  gj,tg = AJ', 

where J '  is the matrix antidiag(1, 1, - 1 ,  - 1 )  and A E F ×. Fix 0 E F × which is 

not a square. Let ao = antidiag(1, 0). Let C~ be the centralizer of diag(ao, ao) in 

G'. Let N '  be the unipotent radical of the Siegel parabolic subgroup P '  of type 

(2, 2) of G'. Recall that  

N ' =  n =  0 I EG ' ;  A =  z x 

Fix a complex valued non-trivial character ¢ of F and define the character ¢0 

of N '  by Co(n) = ¢(z  - Oy). The stabilizer of this character is a non-split torus 

(see [FM]). 

De~nition: Define a five dimensional space X by 

X = {T e M4(F); t(TJ') = -TJ ' , t r (T)  = 0}. 

Choose the basis {el, e2, e3, e4, es} of X so that 

T = T(Xl, x2, x3, x4, x5) -= Xlel + x2e2 + x3e3 q- x4e4 q- xse5 

is represented by the matrix 

(3) 

I -x3 /2  x4 Xl/2 0 ) 
x2/2 x3/2 0 - x l / 2  
x~ 0 x3/2 x4 " 
0 -x5  x2/2 -x3 /2  

The inner form on this space is (T1, T2) = tr(TiT2), where T1, T2 are in X. Define 

an action of G' on X via g: T ~-~ gTg -1. 

LEMMA 1.2: The action g: T ~-+ gTg -1 of G' = PGSp(4) on X is well defined 
and establishes an isomorphism from G' = PGSp(4) to G = SO(3, 2) = SO(J) .  

Proof: To show that  this action is well defined, we have to prove that  

t (gTg- l j ' )  = - g T g - l J  '. This is equivalent to tJ ' tg-l tTtg = - g T g - l J  '. 
Multiplying both sides by g-1 on the left and by tg-1 on the right, we obtain 
g - l t j n g - l t T  = - T g - l j n g  -1. But g-l jng-1 = )~j, implies that  g- l t j , tg-1  = 

AtJ '. We arrive at 

AtJnT = - T g - l  J'* g -1 = -ATJ ' ,  

which is true since T E X. 
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Further, if T1 = T1 (Xl, x2, x3, x4, z5) and T2 = T2(yl, Y2, Y3, Y4, Y5) then 

tr(T1T2)=xlY5+x2y4 + x3Y3 + x4Y2 + x5Yl. 

Since tr(gT1T2g -1) = tr(T1T2), the action of G' on X defines an orthogonal 

group on X. The space X is isomorphic to the 5 dimensional vector space V, 

from Section 1.1. Thus this orthogonal group is the group G = SO(J) .  II 

LEMMA 1.3: Under the isomorphism of Lemma 1.1, the image of subgroup C~o 
is Co, the centralizer (in G) of 

Proo£ 

- 1  0 0 0 0 / 
0 0 0 2~ 0 
0 0 - 1  0 0 • 
0 ½0 -1 0 0 0 

0 0 0 0 - 1  

By matrix multiplication 

(o 1 oo/(x3j2 x4 Xlj2 o )( 
0 0 0 0 X2/2 X3/2 0 --Xl/2 
0 0 0 1 x5 0 X3/2 X4 
0 0 0 0 0 --X5 x2/2 --X3/2 

0 0 -1 0 0 \ 

) 1 0 0 0 
0 0 0 0 -1 

0 0 1 0 

x3/2 
Ox4 
- - X  5 

0 

which implies the lemma. 

-x /2 o 
-xz /2  0 xl/2 

0 --X3/2 x2/(20) 
X5 OX4 X3/2 

Note that  under the isomorphism between G' and G, the unipotent subgroup 

N '  of G ' is isomorphic to the subgroup N of G via 

I 1 - y  -2x 2z 2 z y - 2 x  2 
1 0 x Y ~ 0 1 0 0 - 2 z  
0 1 z x ) 0 0 1 0 ~+ 0 0 1 0 2x 

0 0 0 1 0 0 0 1 y 
0 0 0 0 1 

In particular z - Oy ~4 -½(Xl + 20x3) which justifies the choice of the character 

CN,0 on N. 
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LEMMA 1.4: Put vo = t(O, 20, O, 1, 0). Then Co is the stabilizer of vo under the 
action of G on V, and the map g ~-+ gvo embeds G/Co into S, where S is the 

sphere v in V such that Q(v, v) = 40. 

Proof." The image of the subgroup C~ in G is the subgroup Co, which consists 

of matrices of the form 

a l l  a12 a13 --20a12 a15 "~ 

a21 a22 a23 20(1 -- a22) a25 ) a31 a32 a33 - -20a32 a35 • 

-a21/(20) (1 - a22)/(20) -a23/(20) a22 -a25/(20) 

a51 a52 a53 --20a52 a55 

Clearly Co -- Stab~(vo). Recall that Q(v, w) = tvdw. If y2 is the second and Y4 

is the fourth columns of the orthogonal group G, then they satisfy Q(y2, y2) = 

Q(y4,y4) -- 0 and Q(y2,y4) = Q(y4,y2) = 1. The element gvo is the sum 

20y2 + Y4- Hence, we have 

Q(20y2 + y4, 20y2 + y4) -- 402Q(y2, y2) + 40Q(y2, y4) + Q(y4, y4) -- 40. 1 

Remark: The sphere S is equal to 

S = { t ( x l , x 2 , x 3 , x 4 , x 5 )  e V; 2XlX 5 -t- 2 x 2 x  4 ~ - x  2 = 40}.  

1.3. Doub le  coset  decompos i t i on  

In the split case, we define 

V 1 = (/ ")'0 = 

/ 1 1 / (  / 0 1 0 0 

0 1 0 0 0 0 
1 - 1  0 0 0 - 7  , v0=  1 . 

0 0 0 1 0 0 
- 1  0 1 0 ½ 0 

In the non-split case (0 ~ (F × )2), we define 

( ~  1 0 0 
1 0 0 0 

0 1 0 
0 0 0 1 
0 0 0 1 

N o t e  t h a t  v 1 : "/0v0 . 

o) 
0 
0 

- 1  
0 

V 0 = 

o 

0 

1 
0 
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PROPOSITION 1.5: We have the disjoint decomposition: G = PCo U NAToCo. 
The representatives of the N-Co-orbits of maximal dimension, which is 9, are 
of the form a~[o, a C A. Futhermore, the map g F-+ gvo of Lemmas 1.I and 1.3 
establishes an isomorphism of homogeneous spaces from G/Co to S. 

Proof: Consider the left action of P on S. Since the last row of any element of 

P is of the form (O,O,O,O, of-1), of ~ O, we conclude that there are at least two 

P-invar iant  subsets in S: a closed subset {x = t(xl, x2, x3, x4, 0); Q(x, x) = 1}, 

and an open subset {x = t(xl,x2,x3,x4,x5); Q(x,x) = 1, x5 ~ 0}. We claim 

tha t  P acts transit ively on each of these two subsets. 

Consider the  split case. The  element vz = t(1/2, 0, 0, 0, 1), which is a represen- 

tative of the open subset. Acting first by an element from A and then from N,  

we obtain  the t ranspose of 

z 1) 
OL OL of of OL 

W h e n  (xl,  x2, x3) runs th rough  F 3 and of over F x, this column runs th rough  all 

elements t(xl,x2,x3,x4,x5) of S, with x5 ~ 0. Thus P acts transitively on the 

open P-subse t  of  S, i.e. it is a P-orbi t .  

Consider the non-split  case. The  element vl = ¢(20, 0, 0, 1, 1) is a representative 

of the open subset. Act ing first by an element from A and then from N,  we obtain 

the t ranspose of 

(2(~0_x1+ z Xx x2 x3 1 )  
, , - - , 1 + - - ,  . 

of Of OL of 

W h e n  (Xl, x2, x3) runs th rough  F 3 and c~ over F x , this column runs th rough  all 

elements t(Xl, x2, x3, x4, xs) of S, with x5 # 0. Thus P acts transit ively on the 

open P-invar iant  subset of S, making it a P-orbi t .  

Consider vo = t(O,O,l,O,O) in the split case and vo = t(0, 20, 0,1, 0) in the 

non-split  case. This is a representative of the closed subset. First, act ing by 

an element n(O,-s,O) E N (see 1.1), in the split case, and n ( - s , 0 , 0 )  in the 

non-split  case, we can send vo to t(s,O,l,O,O) (respectively t ( s ,20 ,0 ,1 ,0 ) ) ,  s 

arbitrary.  Mult iplying it on the left by an element g = diag(1, m, 1) E M,  we 

obta in  t (s, m21, m22, m23,0), where t (m21, m22, m32) is the second column of m. 

Thus,  we obtain  all elements t (x l, x2, x3, x4, 0) E S. Note tha t  the N-orb i t s  in S 

of such elements are of dimension 1. 

Consequently,  the decomposi t ion of G with respect to P and Co is G = 

PCo U PToCo. Recall tha t  P = NAM.  We assert tha t  3,01M9'0 C Co. In- 

deed, from M C Stab(v1) it follows that  7 o l M 7 0  C Stab@0), since 111 = "/0V0 . 

Thus,  G = PC U NAToC. 
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Since A C Co, .we have PCo = NMCe.  We have seen that the N-orbits of 

N M C e / C e  are of dimension 1. Hence the N-C~-double cosets of PC~ are of 

dimension 7. 

We have seen above that  the map g ~ gvo is an onto map with kernel Co. 

Consequently G/Ce ~- S. The proposition follows. | 

1.4. T h e  subse t  K b l K  

Set bl = diag(rc- 1,1, 1, 1, 7r), b2 = diag(1, ~-- 1,1, rr, 1) and consider the double 

coset K b l K .  Recall that  F is the residue field of F,  i.e. a finite field of q elements, 

q is odd. Define No = No(F). More explicitly 

/ / / 1 x~ x~ x 1 z 
1 2 0 1 -x4  - ~ x  4 Xl 

No = n ( x l , x 2 , x 3 , x 4 ) =  0 0 1 x4 x2 
0 0 0 1 x3 
0 0 0 0 1 

; Xl,X2,X3,X4 E ~} 

' ' satisfy the relations (2). Define in N0 the where z, x4, ~3, X3, X~, X2, El ,  X 1 

subgroups (the order of N~ is q4-i): 

N1 --- {n C l~o;n = n(x l , x2 ,x3 ,0 )} ,  

N2 = {n E No;n = n(x l ,0 ,  O, x4)}, 

N3 --- {n E No;n = n(0,0, x3,0)}. 

We regard Ni and No as subsets of No(R) on choosing representatives in R of 

the elements of F = R/~r. 

The following Proposition is used in the proof of Proposition 1.8. 

PROPOSITION 1.6: We have the disjoint decomposition 

(4) K b l K  = KblN1 U Kb2N2 L3 Kb~IN3 U Kb~ 1. 

Proo~ The Weyl group 

W = (1, (15), (24), (12)(45), (14)(25), (15)(24), (1452), (1254)} 

embeds in K,  so we have 

K b l K  -- Kb71K = Kb2K -- Kb~IK.  

Let W1 be the subset {1, (15), (12)(45), (14)(25)} of W, and P1 = K N b l K b l  1 a 

parahoric (see, e.g., [T]) subgroup of K. Using the Iwahori decomposition: 

K = P1W1P1 = U PlwP1, wEW1 
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we have 

Kb-{1K = U Kb~IPlwPI" 
wCW1 

Since b11plbl • K, this is equal to 

U Kb~lwPl" 
wGW1 

Since W1 c K ,  and { w - l b l l w ; w  • W1} is the set {b11,bl,b21,b2}, we obtain 

Kb~aP~ t2 KblP1 t2 Kb~Ip~ tO Kb2P1. 

In our analysis below, we use the decomposition P1 = NIMKAKNK,  where 

N ~ is the subgroup of tN  with underdiagonal entries from rcR, AK = A A K, 
NK = N N K and MK = M N K is the maximal compact of 

M = {diag(1, m, 1) ;m • SO(J3)}. 

To describe the four double cosets, we introduce: 

CASE OF Kb~IPI: Since b~lPlbl C K, we have Kb-{1P1 = Kb~ 1. 

CASE OF KblPI: Since blN'b-{ 1 C K and MKAK commutes with bl, we have 

KblP1 = KblNK. 
The set of elements n E NK with entries above the diagonal from 7rR is a 

normal subgroup of NK of elements satisfying blnb~ 1 E K. Since the quotient 

of NK by this subgroup is N1, we have KblNK = KblN1. 

CASE OF Kb21Pl: Since b21N'b2 C K, we have Kb~IP1 = Kb21MKNK . 
Let W2 be the subgroup of two elements {1, (13)}, where (13) is represented 

by the matr ix  w2 = antidiag(1, - 1 ,  1), and put P2 = M K  CI b2MKb~ 1. Using 

the Iwahori decomposition MK = P2W2P2, our set is Kb21P2W2P2NK . Since 

b21p2b2 G K, this is Kbz1W2P2NK. But W2 = {1, w2} and w2b21w2 = b2, so 

this double coset is 

Kb21P2NK U Kb21w2P2NK -= Kb21NK to Kb2P2NK. 

SUBCASE OF Kb21NK: If n C NK is such that  b~lnb2 C K,  then n -- 

n(xl, x2, x3, x4), where xl ,  x2, x4 E R and x3 E 7rR. The set of such elements is 

a normal subgroup of NK. Since the quotient of NK by this subgroup is N3, we 

obtain 

Kb~INK = Kb~IN3. 
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SUBCASE OF Kb2P2NK: To simplify the notations, write m C GL(3) for 

diag(1, m, 1) E GL(5). Then P2 = U'A2U, where we put 

A2 = {diag(a, 1, OZ--1); OL C F x , = 1}, 

1 o o 1 - y  - 7  

U ~= - x  1 0 ; x ~ r r R  , U =  0 1 y ; y E R  . 
1 2 - ~ x  x 1 0 0 1 

Since b2U'b~ 1 C K and A2 commutes with b2, the coset Kb2P2NK is equal to 

Kb2U'A2UNK = Kb2UNK. 

Note that UNK = No A K.  Finally, any n E No such that b2nb~ 1 E K,  is of the 

form n = n(x l ,x2 ,x3 ,  x4), where x2,x3 ~ R and xl ,x4 E 7rR. The set of such 

elements is a subgroup of No(R), and N2 is the set of representatives of its left 

cosets in No(R). Thus Kb2P2NK = Kb2N2. 

CASE OF Kb2PI: Decomposing P1 and using b2N~b21 C K and b2AKb~ 1 = 

AK C K,  we obtain 

Kb2P1 = Kb2N~AKMKNK = Kb2MKNK. 

Applying the Iwahori decomposition to MK, (W2 = {1,w2}), this is 

Kb2P2W2P2NK = Kb2P2NK U Kb2P2w2P2NK. 

The double coset Kb2P2NK has already been considered. We are left with the 

double coset Kb2P2w2P2NK. 

Since P2 = U'A2U and w2U'A2w2 C P2, we have 

P2w2P2 = P2w2U' A2U = P2w2U. 

Furthermore, since b2U~A2b21 C K, the double coset Kb2P2w2P2NK is equal to 

Kb2P2w2UNK = Kb2U~A2Uw2UNK = Kb2Uw2UNK. 

Since w~lb2w2 -= b~ 1 this is equal to 

Kb2w2w~IUw2UNK = Kb21U1UNK, 

where 

U~= -Y2 1 0 ; y c F  . 

- 7  y 1 
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According to the Iwasawa decomposit ion,  any element n E/-/1 can be wri t ten as 

n = ulsw2u2, where ui E U, and s, the diagonal matrix,  can be commuted  across 

b~ -1. Since w~lb~lw2 = b2, we have 

Kb~IUtUNK = Kb2UNK, 

obtaining again a coset which has already been considered. | 

1.5. T h e  K - o r b i t s  o f  S 

Under  the action of K,  the sphere S = {x E V; Q(x, x) = 1} can be decomposed 

as a union of open and closed K-orbits .  The  following Proposi t ion is the special 

case of a more general s ta tement  (see [MS, Prop. 3.9]). 

PROPOSITION 1.7: Set dr = diag(Tr ~, 1, 1, 1 ,1r-r) .  Each K-orbit of S is of the 

form Kdrvl ,  r > O. The element t (x l , x2 ,x3 ,x4 ,x5)  E S belongs to the K-orbit 

of drVl i f  and only if 

I xl = max{Ixl l ,  ]x2l, Ix3l, Ix41, Ix5I} is equal to qr. 

Proof  Consider the set Kdrvl .  I f k i  is the ith column of k E K,  then kdrvl is 

equal to ½ktw r 4- k57r - r .  When k ranges over all elements of K,  this sum ranges 

over all elements t(Xl,X2,Xa,X4,Xs) E S such that max{[xx[, Ix2[, [x3[, ]x4], [x5[} 
= qr, since the max absolute value of the entries o fk i  is 1. | 

Let Cr be the characteristic function of the K-orbit of drvl in S. Normal- 

ize the additive measure dx on F and the multiplicative measure d×x on F x 

(d×x = (1 - X/q) - l l x l - ldx ) ,  so that 

dx = 1 and d×x = (1 - 1/q) -1 - -  = 1. 
l=l l=1 Ix] 

Normalize the measure on K so that its volume is 1. We need the following 

result. 

PROPOSITION 1.8: The volume A~ of the K-orbit ofdrvx in S is given by 

(5) Ar = q3r(1 :]= q-2)A0, if r >_ 1, 

where the " - "  sign is in the split case and "4-" in the non-split case. 

Proo f  Suppose r > 1. Let  f l  be the characterist ic function of K b l K  in G. 

Since the  measure ds on S is invariant under the action of G, we have 

(6) /G~)r(gs)dSfl(g)dg~--/Gfl(g)dg~s~)r(s)ds. 
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Using Proposi t ion  1.6, and tha t  ~ N i  = q4-i, the right hand  side of (6) is 

equal to  

(7) (q3 + q2 + q + 1)At. 

In the left hand  side of (6), we change the order of integration. It  is 

Ir(s)ds, where I t ( s ) : / G  Cr(gs)fl(g)dg. 

Note tha t  I,.(ks) = I~(s) for any k E K.  Thus  it is constant  on the K orbits in S. 

In part icular ,  if s is in the K-orbi t  of divl, we have I~(s) = L-(divl). We obta in  

(8) ~ Ir(s)ds = ~ AJ~(divl). 
i=O 

Using Propos i t ion  1.6, the value of Ir(divl) is 

hEN1 nEN2 

+ ~ ~ Cr(kb21ndivi)dk + ~ Cr(kblldiv1)dk" 
n c N 3  

Since ¢~ is left K-invariant ,  the expression above is equal to 

(9) ~ ¢~(blndivl) + ~ ¢r(b2ndivl) + ~ Cr(b21ndiv1) + ¢~(blldivl). 
hEN1 nEN2 nEN3 

We consider the contr ibut ion to (8) from each sum of (9). In each case we 

distinguish between r > 1 and r = 0. In some cases we consider the case r = 1 

separately. 

C A s t  1: Consider the  contr ibut ion to  (8) f rom the first sum in (9). In this case 

n E N1 and the element blndivl, in the split case, is equal to 

r~ -1  0 0 0 0 1 - x  3 - x  2 - x  1 Z ~Tr 

0 1 0 0 0 0 1 0 0 x l  0 

0 0 1 0 0 0 0 1 0 x2 0 • 

0 0 0 1 0 0 0 0 1 x3 0 

0 0 0 0 lr 0 0 0 0 1 r¢ -* 

In  the  non-split  case the  last vector column is 

t(20~r~, O, O, 1,1r-i). 
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These  e lements  a re  equal  to ( sp l i t /non-sp l i t  cases respect ively)  

(10) t(Tri-1/2 -~- z'Tr - ( i+1)  , XlTr - i ,  x27r - i ,  x37r - i ,  7r1 - i ) ,  

(11) t(207ri-1 -- x17r - 1  -~- z7$ - ( i + l )  , 27171" - i ,  X27r -i ,  1 + xaTr -~, 7rl-i). 

Depend ing  on n, these  e lements  belong to different K - o r b i t s  of S. 

Let  r _> 2. P u t  7 ~ ( X l , X 2 , X 3 )  ---- •(Xl,X2,X3,0). We decompose  the  group  N1 

into a d is jo int  union as follows. 

(i) Let  n -- n(0,  0, 0) be  the  ident i ty  mat r ix .  Then  blndivl -- bldiVl = di- lVl .  
Hence Cr(blndiVl) = 0 unless i - 1 = r (or i = r + 1). The  con t r ibu t ion  to  (8) of  

this  case is A r + l .  

(ii) Let  n -- n(x], x2, xa) be a non- iden t i ty  m a t r i x  wi th  z --  0. We cla im t h a t  

there  are  (q2 _ 1) such matr ices .  Indeed z --  0 implies  2XlXa + x22 = 0. The  l a t t e r  

equa t ion  has  q(q - 1) solut ions  wi th  x3 ~ 0 (x2 a rb i t r a ry )  and  q - 1 solu t ions  

wi th  x2 = x3 = 0, x] ~ 0. Since z = 0, bu t  n is non- ident i ty ,  the  e lement  

blndivl belongs to  the  K - o r b i t  of divl. Hence ¢r(blndiVl) = 0 unless i = r .  The  

con t r ibu t ion  to (8) of th is  case is (q2 _ 1)At.  

(iii) The  r ema in ing  mat r ices  n = n(xl ,  x2, x3) have z ~ 0. Since the  order  of 

N1 is q3  there  are  q3 _q2 such matr ices .  The  e lement  blndivl is in the  K - o r b i t  of 

di+lVl (since z ~ 0). The  funct ion ¢r(blndivl) is 0 unless i +  1 = r (or i = r -  1). 

Thus ,  the  con t r ibu t ion  to (8) of this  case is (qa _ q2)A~_l.  The  con t r ibu t ion  f rom 

the  cases (i), (ii) and  (iii) is (when r > 2) 

(12) (qa _ q2)A~_ 1 + (q2 _ 1)A~ + A~+I, 

Let  r = 1. The  only cont r ibu t ions  to (8) occur  when i = 0 ,1 ,2 .  I f i  = 2, 

the  e lement  blnd2vl (see (10)) is in the  K - o r b i t  of dlvl precisely when n is the  

iden t i ty  mat r ix .  T h e  con t r ibu t ion  to  (8) is A2. If i = 1, the  e lement  blndlVl is in 

the  K - o r b i t  of dlVl when z -- 0 and n is a non- iden t i ty  mat r ix .  As we have seen 

above,  the  equa t ion  z = 0 has  q2 _ 1 solutions.  The  con t r ibu t ion  is (q2 _ 1)A1. 

If i = 0 the  e lement  blnVl is 

(13) t((1/2 + z)Tr-l,Xl,X2,Xa,Tr), t (TC-- I (20- -  Xl  + Z ) , X l , X 2 , X 3 , 0 7 r  ) 

1 ( sp l i t / non- sp l i t  cases, respect ively)  is in the  K - o r b i t  of dlVl when z + 5 # 0 or 
1 20 - x l  + z # 0. T h e  equa t ion  z + ~ --  0 is equivalent  to  2XlX3 + x 2 --  1, which 

has  q2 + q  solut ions.  Indeed,  there  are  q(q-  1) solut ions  wi th  xa # 0, x2 a rb i t r a ry ,  

and  2q solut ions  wi th  x3 = 0,  x2 = +1 ,  x l  a rb i t ra ry .  

The  equa t ion  20 - Xl + z --  0 (where z = - x l x a  - x22/2) is equivalent  to  

2x l (1  + xa) + x 2 = 40, which has q2 _ q solutions.  Indeed,  there  a re  q(q - 1) 
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solutions with Xl ~ 0, X2 arbitrary, and no solutions with x 1 ---- 0, since 40 is a 

non-square.  

Hence, this case contributes (q3 _ q2 _ q)Ao. So, when r = 1, we have 

(14) (q3 _ q2 T q)Ao + (q2 _ 1)A1 + A2, 

where the " - "  is in the split case and "+" in the non-split case. 

Let  r = 0. We distinguish between two cases: 

(i) Let n be the identity matrix,  i.e. xl  -- x2 = x3 = 0, and z = 0. The  

element bldiVl (see (10)) is in the K-orbi t  of di-lVl. We have Co(all-iV1) = 0 
unless i = 1. This contributes (in bo th  split and non-split cases) A1 to (8). 

(ii) Let n be a non-identi ty matrix. Since Xl, x2, x3 are not  all zeroes, (10) 

is the K-orb i t  of d-iVl. Hence Co(d-iv1) = 0 unless i = 0. Thus  only i = 0 

contributes.  This contr ibution occurs when btnvl E Kvt. This happens  (see 

(13)) when 1/2 + z = 0, in the split case, or 2 0 -  Xl + z = 0 in the non-split  case. 

The  first equat ion has q2 q_ q solutions, the second one q2 _ q. Their  contr ibut ion 

to (8) is q(q + 1)h0. 

Thus  Case 1, with r = 0, contributes to (8) the quant i ty  (q2 ± q)Ao + A1. 

CASE 2: Consider the contribution to (8) from the second sum of (9). For 

n E N2, the element b2ndivl, in the split case is equal to 

I 
1 0 0 0 
0 71 "-1 0 0 

0 0 1 0 
0 0 0 7r 

0 0 0 0 

0 

0 

0 
1 

/ 

1 0 0 - x l  
1 2 0 1 - x 4  - ~ x 4  

0 0 1 X4 

0 0 0 1 

0 0 0 0 1) gTr 
x 1 7 r - ( i +  1) 

0 

0 
71- - i  

/( 1 / 0 ~rr 

xl  0 

0 0 
0 0 
1 7r - '  

and in the non-split  case, replacing (~ri/2, 0, 0, 0, zr -~) with (20~ "~, 0, 0, 1, rr-~), 

we obtain 

(2071. i Xl,Tr-l(x17r-i 1 2 
- -  ~x4),x4, Tr, 7r-i). 

For r _> 1 in the split case and r _> 2 in the non-split case, we have 

(i) If  Xl = 0, the element b2ndivl belongs to the K-orbi t  of divl. Since x4 can 

be arbitrary,  the contr ibut ion to (8) is qAr. 
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(ii) If  x l  # 0 ( there  a re  q2 _ q such mat r ices ) ,  the  e lement  b2ndivl belongs to  

the  K - o r b i t  of di+lvl. We have Cr(d i+ l )  = 0 unless i + 1 = r (or i = r - 1). 

The i r  con t r ibu t ion  is (q2 _ q ) h r - 1 .  

Cons ider  the  non-spl i t  case wi th  r = 1. The  con t r ibu t ion  occurs  when i = 0, 1. 

If  i = 1, we have t ha t  x l  = 0 and x4 can be a rb i t ra ry .  I f i  = 0, we have 
1 2 a con t r ibu t ion  when x l  - gx  4 # 0, which has q2 _ q solutions.  The  resul t ing  

con t r ibu t ion  is the  same  as in case r _> 2. 

Thus ,  the  con t r ibu t ion  from this  case (for r > 1) to  (8) is (same in b o t h  

s p l i t / n o n - s p l i t  cases) 

(15) (q2 _ q ) h ~ - i  + q t y .  

Now let r = 0. F i r s t ,  consider  the  spli t  case. If  z l  ¢ 0, the  e lement  b2ndivl lies 

in the  K - o r b i t  of di+lVl. Hence there  are no posi t ive  i for which b2ndivl belongs  

to  the  K - o r b i t  of vl = dovl. If  x l  = 0 then  b2ndiVl is in the  K - o r b i t  of divl. We 

have ¢o(divl) = 0 unless i = 0. Since xl  is a rb i t ra ry ,  this  case con t r ibu tes  qA0 

to (s). 
In the  non-spl i t  case, the  only cont r ibu t ion  occurs  when i = 0 and X l -  ~X 412 ~_ 0. 

This  case con t r ibu tes  qA0 to (8). 

CASE 3: Cons ider  the  con t r ibu t ion  to (8) from the th i rd  sum of (9). For n E N3, 

the  e lement  b~lndivl is 

1 0 0 0 0 1 - x 3  0 0 0 ~7r ~¢r 

0 7r 0 0 0 0 1 0 0 0 0 0 

0 0 1 0 0 0 0 1 0 0 0 = 0 

0 0 0 rr - I  0 0 0 0 1 x3 0 x37r -(i+1) 

0 0 0 0 1 0 0 0 0 1 r r - i  r r - i  

in the  spl i t  case, and  in the  non-spl i t  case it is 

(20rri, 0, 0, r r - l ( 1  + x37r- / ) ,  7 r - i ) .  

Cons ider  r > 1. If x3 = 0 the  e lement  b2ndivl lies in the  K - o r b i t  of divl; 
otherwise  i t  is in the  K - o r b i t  of di+lvl. Thus,  the  only con t r ibu t ion  to  (8) occurs  

when i = r or i = r - 1. Since N3 has  q elements ,  this  con t r ibu t ion  (for b o t h  

spl i t  and  non-spl i t  cases) is 

(16) ( q -  1 )At-1  + At .  

If r = 0, the  only cont r ibu t ion ,  A0, to (8), occurs  when i = 0 and  x3 = 0 or 

x3 + 1 = 0 in the  spl i t  and  non-spl i t  cases respectively.  
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CASE 4: The eleinent b~ldivl is in the K-orbit  of di+lvl. When r > 1, it 

contributes the term At-1 to (8). There is no contribution when r = 0. 

In all expressions below, the upper sign corresponds to the split case and the 

lower to a non-split case. 

Summing up, when r ~ 2, the sum (8) is equal to the sum of (12), (15), (16) 

and Ar- l :  

q3Ar_l + (q2 + q)A~ + Ar+l. 

In all expressions below, the upper sign corresponds to the split case and the 

lower to a non-split case. When r -- 0, the sum (8) is equal to 

(q2 i q)A0 + A1 + qA0 + A0 = (q2 + 2q + 1)A0 + A1. 

When r = 1, using (14) instead of (12), this sum is 

(q3 :~ q)Ao + (q2 + q)A1 + i2. 

Hence, we obtained the left hand sides of the equation (6), for r ~ 2, r ~- 0 and 

r = 1. Using (7), when r -- 0, 1, we have 

(q3 ~= q)Ao + (q2 + q)A1 + A2 =(q3 + q2 q_ q + 1)A1, 

(q2 + q + q + 1)Ao + A1 =(q3 + q2 + q + 1)Ao. 

The equations imply that  

A1 = (q3 7= q)Ao -- q3(1 T q-2)Ao, and A2 = q6(1 =[= q-2)Ao. 

For r >_ 2, we have 

q3Ar_l + (q2 + q)A~ + A~+I = (q3 + q2 + q + 1)A,, 

namely A~+I - Ar = qa(A~ - A~-I), or 

A~+I = (1 + q3)A, - q3A~_l. 

The proposition follows by induction. | 
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II .  C o r r e s p o n d e n c e  of  spher ica l  func t ions  

II .1.  S a t a k e  t r a n s f o r m  on t h e  Hecke  a l g e b r a  of  G 

Let 7r = Ic(~, 4') be the unramified representation of G normalizedly induced 

from the character lal I¢1a2 [ 4, of B. Define the Satake transform fv  of a spherical 

function f on G (i.e. f E C~(G) and it is K-biinvariant), by fv(zr) = tr  7r(f). 

Then 

7r(f)¢ 0 = fV(Tr)¢0, 

where ¢0 is the unique - -  up to a scalar multiple - -  K-fixed vector in the space 

of IG((, 4')- We fix ¢0 by ¢0(1) -- 1. 

Set ~r¢ -= Ic(~, 1/2 + (). We shall show in Proposition 2.2 below that there 

exists a unique K-invariant function T¢ on the sphere S, such that T¢(1) ~ 0 and 

(17) / c  f(g)T¢(gs)dg = fV (Tr¢)T¢(s). 

Applying (17) with s = 1, the Satake transform of any spherical function f on G 

is given on the ~r¢ by 

(18) fV(~r¢) --- f s  Cf(s)T¢(s)Ti(1)-lds" 

Since T¢ is K-invariant, it will be defined by its values on the K-orbits of S, 

which are of the form Kdrvl, where dr -- diag(Tr r, 1,1, 1,Tr - r )  and r ~ 0. Set 

Tr,¢ = T¢(drVl), r > O. These numbers are computed in Proposition 2.2. 
?, 

Put  (I)r = Y~i=0 ¢i, where ¢i is the characteristic function of the K-orbit  of 

divl. Then, the function (I)r is the characteristic function of a subset of S defined 

by 

{t(xl,x2,x3,x4,xh) E S; Ixit _< q r  1 < i < 5}. 

The main goal of this subsection is to compute the integral f8 ¢~r(s)T¢(s)ds, 
r > _ l .  

To compute the numbers Tr,¢, we need the following result. Recall that  f l  is the 

characteristic function of the double coset KblK, where bl is diag(~r -1 , 1, 1, 1, 7r). 

PROPOSITION 2.1: The Satake transform fv(Tr) at 1r = Ia(~, ~') off1 is 

f?  (Tr) = q3/2(q¢ + q¢'-( + q¢-(' + q-C). 

Proof: We follow [FM], Section F. Any ¢ 6 IG((, ( ' )  satisfies 

(19 )  = 
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where a = diag(a,  fl, 1, /3-1, a -1) ,  and a l  and a2 are the simple roots of G = 

SO(5), defined by a l (a )  = a/~ and a2(a) = ~. We have 

(~r(f)¢)(h) = / a  f(g)¢(hg)dg. 

Using the measure decomposition dg = 5B (a)-ldndadk and (19), this is equal to 

/No /Ao /K f(h-lnak)hB(a)-i/2]~l (a)]¢'(~2(a)'~'¢(k)dndadk" 

Put  

F,(a) = ~B(a)-I/2 /K ~ f(k-lank)dndk. 

Then 

t r / (~ ,~ ' ;  f )  = f Ff(a)ta~-ll¢lfll¢'da. 
J A  0 

When f is K-biinvariant,  

= 6B(a) -1/2 ~ f(an)dn. ~(a)  
J N  o 

According to Proposit ion 1.6, the double coset KblK is the disjoint union 

KblN1 U Kb2N2 0 Kb-~IN3 W Kb-~ 1. 

It follows tha t  the integral FI~ (a) vanishes unless a is in the K-double  cosets 
of bl, b2, b~ 1 or b~ -1. Further, (~s(bl) = q3, 5B(b2) = q, (~B(b21) = q-1 and 
5B(bl 1) ___ q-3. Hence 

Ff,(bl) = q-3/2q3 = q3/2, Ff~ (b2) = q-1/2q2 = q3/2, 
Ff,(b~-l) = ql/2q = q3/2, Ff~(b~-l) = q3/21 = q3/2. 

Evaluating the characters a l ,  a2 at bl, b2, b~ 1 and b{ -1, we obtain 

/A Fi,(a)l~/3-11¢lfl ¢ da = q3/2(q¢ + q¢'-¢ + q¢-¢' + q-C). 
o 

Since f v  (lr) = tr I c  (~, ~'; f l ) ,  the proposition follows. II 

We use Proposit ion 2.1 to prove the following: 

PROPOSITION 2.2: The equation (17) has a unique solution satisfying To,¢ = 1, 
and (for r > 1) we have 

(q~+~ - 1)(1 :F q - 5 -  ) _~,_3_(, = q ,2 , ,  

~e{¢,-¢} q-¢)(q~ ~: q-~) 
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where the '%" sign occurs in the split case and " - "  in the non-split case. 

Proof: By Proposition 2.1, the equation (17), with s = d~vo and f = f l ,  becomes 

(20) / c  fl(g)T~(gd~vo)dg = qa/2(q¢ + ql/2 + q-1/2 + q-¢)Tr,¢. 

Since f l  is the characteristic function of the double coset 

K b l K  = KblN1 LJ Kb2N~ kJ Kb~IN3 U K b l  1, 

and the function T¢ is invariant under K, whose volume is 1, the left hand side 

of (20) equals 

(21) ~ r((blndrVl)  ÷ E T((b2ndrvl) + E T((b21ndrVl) + T¢(blldrvl)" 
hEN1 ncN2 nENa 

We will compute each of the sums. 

To simplify the notations (in the proof of this proposition), we write T for T¢ 

and T~ for T~,¢. For more details see Proposition 1.8. 

CASE 1: Consider the first term of (21). Put  rt(Xl,X2,X3) = n(Xl ,X2,x3,O) .  

Let r > 1. In the split case bln(xl ,x2,x3)d~vl  is equal to 

t (Trr-1/2 -}- ZTl--(r+l)X17r - r ,  x27r - r ,  x37r - r ,  7rl - r ) .  

In the non-split case bin(x1, x2, xa)drVl is equal to 

t(207r~-i - xl Tr -1 + zrr -(~+1) , Xl Tr - r ,  X271 "-r,  1 + x3rr -~, rr l-*).  

Consider the following cases: 

(i) Let n = n(0, 0, 0) be the identity matrix. Then blndrvl = bldrVl = dr-iV1 

and T(blnd~vl)  = T(d~_lVl) = T~-I 

(ii) Let n = n(x l ,  x2, x3) be a non-identity matrix with z = 0. In Proposition 

1.8, we showed that there are (q2_ 1) such matrices. The element binder1 belongs 

to the K-orbit  of dTvl. Hence, T(blndTvl) = T(d~Vl) = T~. 

(iii) The remaining q3 _ q2 matrices n = n(xl ,  x2, xa) have z ~ 0. The element 

blnd~Vl is in the K-orbit  of d~+lVl. Thus, T(blnd~vl) = T(d~+lVl) = Tr+I. 

We conclude that for r >_ 1, we have 

(22) T(b~ndrvl) = (qa _ q2)Tr+ 1 + (q~ _ 1)Tr + T~-I. 
nEN1 
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Let  r = 0 (do  = 1 ) .  The  element bln(Xl, x2, x3)vl is equal to 

t (Tr-i(1/2 W z),xl,X2,X3,Tr) or  t(Tr-1(20--x1 + z ) , x l , x 2 , 1 +  x3,Tr), 

in the  spl i t /non-spl i t  cases, respectively. These  elements are in the K-orb i t  of 

1 ¢ 0 or 20 - x 1 ~- Z # 0. Otherwise, they are in the K orbit  of Vl. dlVl if g + z 
1 q2 _ q The equation ~ + z = 0 has + q solutions, and 20 - xl + z = 0 has q2 

solutions. Thus 

(23) E T(blnvl) = (q3 _ q2 T q)T1 + (q2 -t- q)To. 
nEN1 

CASE 2: 

equal to  

t(Tr~/2, xlTr - (~+i) , 0, 0, 7r -~) 

Consider the second te rm of (21). The  element b2n(xl, O, 0, x4)vl is 

or t(2OTrr--xl,Tr-l(xlzc-r--x2/2),x4,w,Tr-r) 

in the  split and non-split  cases, respectively. 

Let  r > 0 in the split cases or r > 1 in a non-split case. We have: 

(i) If n -- n(0, 0, 0, x4) C N2 the element b2nd~vl is in the K-orb i t  of dry1. 
Thus,  T(b2ndrvl) = T(d~vl) = T~. 

(ii) If n = n(xl,  O, O, x4) C N2 has Xl ~ 0, the element b2ndrvl is in the K-orb i t  

of d~+lVl and T(b2nd~vl) -- T(dr+lVl) -- T~+I. 
Since there  are q matr ices in (i) and q2 _ q in (ii) (for r > 0), we have 

(24) E T(b2nd~vl) = (q2 _ q)Tr+l + qty. 
nEN2 

1 2 Let  r = 0. The  element b2nVl is in the K-orb i t  of dlvi if xl  - ~x4 # 0 (q2 _ q 

cases), otherwise it is in the K-orb i t  of vl. The  contr ibut ion is the same as (24). 

CASE 3: Consider the third term of (21). 

Let  r ~ 0. The  element b21n(0, 0, x3, 0)vl is equal to 

t (r¢~/2, O, O, x37r-(r+l) ,  z r - r )  or t (2on'r, O, O, 7r-1 (1 + x3rc-r)r¢ - r )  

in the  split and non-split  cases, respectively. This element belongs to the K-orb i t  

of d~vl if n is the identi ty matr ix ,  and is in the K-orb i t  of d~+lvl in the  remaining 

q -  1 cases. So (for r > 0) we have 

(25) E T(b21ndrv1) = (q - 1)Tr+l + T~. 
nEN3 
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CASE 4: Since b11d~ = d~+l (r >_ 0), the last summand of (21) is 

(26) T(b~ld~vl) = T~+I. 

Adding (22), (24), (25) and (26) we obtain that (when r > 1) the sum (21) is 

equal to 

qaTr+1 + (q2 + q)Tr -}- Tr-1. 

When r = 0, adding (23), (24), (25) and (26) (used with r = 0), the sum (21) is 

(q3 T q)T1 + (q2 + q 4- q + 1)T0, 

where the upper sign occurs in the split case and the lower in the non-split 

case. Both expressions should be equal to the right hand side of (20). Thus, we 

obtained two difference equations 

q3T~+l + (q2 + q)T~ + Tr-1 = q2 (q + q½ + q-½ + q-¢)T~, 

and 

(q3 =F q)T1 + (q2 + q + q + 1)T0 = qa (q~ + q½ + q_½ + q-¢)To. 

The first one can be simplified to 

(27) q3Tr+l - q~ (q¢ + q-¢)Tr + Tr-1 = O.  

In the second one we assume To = 1. Then 

q a ( q ¢ 4 - q _ ¢ ) T q _ l  
(28) T1 = 

q3 =Tq 

The general solution of (27) is given by 

A T r r = c l z ~  ~-c2 2, 

where kl and A2 are the two roots of the quadratic equation 

(29) qaA2 - q~(q¢ +q-¢)A + 1 = 0, 

and cl, c2 are chosen to satisfy two initial conditions: 

(30) 1 = c 1 + c 2  and TI=ClAI+C2A2.  

3 
The solutions of (29) are kl = q-~+¢, A2 = q_a ¢ and those of (30) are 

C1 --  m 

C2 n _ _  

T1 - A2 (q_a+¢ _ 1)(1 q: q-½-¢) 

z~ 1 - -  z~ 2 

A1 -- T1 

(q¢ - q-C)(@ q: q-S) ' 

(q~-¢ - 1)(1 :F q-½+¢) 

"~1 --  )~2 ( q (  --  q - - ( ) ( q ~  q: q--½ ) " 
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The proposition follows. I 

The main result of this subsection is: 

P R O P O S I T I O N  2.3: Set X = q¢. Then 

~S F 1 xrq- l -x - (r+l )  1, . , x r - x  -r] ~r q~tr- l )_  _ _ _  | 

q~(s)T¢(s)ds = q~ [q ~2 :--X-2-f T- X _ X _  1 j ,  

where the " - "  sign is in the split case and the '%" in the non-split case. 

Proof: We have 

(31) 
r r 

J S k=0 k=0 

Isr. J. Math .  

Recall that To = 1 and assume that A0 = 1. In the computations below, the 

upper sign occurs in the split case and the lower in the non-split case. Using 

Propositions 1.4 and 2.2, we have that, the sum (31) is equal to 

1 +  (q~X_- 1)(I_T q-_____~X -1) E q ~ k X k  - (q~X -1 - 1)(1 q:q-½X)  q~kX_k.  

q ~ ( X - X - 1 )  k = l  q ~ ( X - X - l )  k=l 

Using the summation formula for geometric series, and then simplifying the result 

we obtain the formula claimed in the proposition. I 

II .2.  T h e  g r o u p  H 

Recall that H = PGL(2, F), and 7r~ -- IH,xo(~,--~) denotes the representation 

of H,  induced from the character diag(a, 1)n ~-+ la[~x0(a) of B', where X0 is 1 or 
the unramified character of F x, whose square is 1. We denote the elements of 
PGL(2, F)  by their representatives in GL(2, F).  The Bruhat decomposition of 

H is H = B'  U N 'wB ' ,  B '  = N'A ' ,  where A' = {diag(a, 1);a E F×},  

{ ( 1  x) } ( 0 i) 
N ' =  n(x) = 0 1 ; x E F , w =  - 1  0 " 

The character ¢ '  of Y'  is defined by CN' (n(x)) = ¢(x).  
Let We be the normalized unramified Whittaker function in the space of rep- 

resentation ~r~. It satisfies We(e) = 1, W¢(ngk) = Cg,(n)W¢(g) (n' e g ' ,  

k E K '  = PGL(2, R), the standard maximal compact subgroup of H),  and for 

any f '  E C ~ ( K ' \ H / K ' ) ,  also 

= f f ' (x)W¢(hx)dx .  /'v 
3H 



Vol. 106, 1998 ORBITAL INTEGRALS ON SO(5) AND PGL(2) 57 

In particular, when h = e we have 

(32) /'v(Tr~) = /H f' (x)W¢(x)dx. 

Since dg = lal-ldndadk, where a = diag(a, 1), laI = lal and da = dXa, we obtain 

f,v (Try) = ./,  f' (nak) We (nak) la 1-1 dndadk 

: /A' fN' f'(na)¢N'(n)dnW¢(a)]al-lda=/A' ¢)'(a)W¢(a)lal-lda' 
where 

(g) = ./~:, f' (ng)~bN, (n)dn. ¢'s, 
The function ¢), lies in the space Cc(N'\H/K', Cg') of the right K'-invariant, 

compactly supported modulo N', functions ¢' on H, which satisfy ¢'(ng) = 
-¢N,(n)¢'(g). For any integer r > 0, define ¢~ by 

0 1 0, otherwise. 

PROPOSITION 2.4: 
(1) The set {¢~;r _> 0} is a basis of Cc(N'\g/K',¢N,). 
(2) For any ¢' E Cc(N'\H/K',¢N,), we have ¢'(diag(a, 1)) = 0 if]hi > 1. 
(3) As in Proposition 2.3, put X = q¢. Then 

A 1 X r + l  - -  X - ( r + l )  
, ¢'~(a)W¢(a)la]-lda = (-1)~q~r Z - X -1 

Proof: (1) This is clear. 
(2) Indeed, choosing n ¢ F × such that In I = la[, we have 

~N'(n)¢ ' ( (  aO 0 ) )  = ¢ , ( (  1 1  0 n )  ( h i  0 0))1 

0)(11 0 
This is ~b'(diag(a, 1)), since ¢' is right K'  invariant. But Cg' has conductor R, 

hence Cg'  (n) • 1 for some n, and our claim follows. 

(3) This follows from the definition of ¢~ and Shintani's explicit formula [Sh] 

for the Whittaker function (cf. IF], p. 305) of Ig,xo (¢,--¢), which asserts that 

We 0 1 = (-1)~q - ~  ~( ~ II 
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II.3. The  correspondence  

Put ~r¢ = Ic(~, 1/2 + ~) and zr~ = IH,xo(¢,--(). Following [FM], we say that  
f • C(K\G/K)  and f '  • C(K' \H/K')  are co r r e spond ing  if fv(zr¢) =/'V(Tr~). 

By (18) and (32), an equivalent definition is given by 

~)f(s)T¢(s)ds = IA' ¢'I'(a)W¢(a)la]-l da" 

Definition: Define a map .T': C~(K\S)  -+ Cc(N'\H/K',¢N,) by .T'(¢) -- ¢' if 

/s¢(s)T¢(s)dS = fA, ¢'(a)W¢(a)[a[-lda, 

where T¢ is the K-invariant function on S, defined in II.1 and Proposition 2.2, 

and We is the unramified normalized Whittaker function defined in Section II.2. 

PROPOSITION 2.5: The map 3 r is well defined and induces a linear bijection be- 
tween the spaces C~(K\S)  and Cc(N'\H/K', CN' ), given by the correspondence 
(r > o) 

7( r) = + 

where the '%" sign occurs in the split case and the "-" sign in the non-split 
c a s e .  

Proof." This follows' from Propositions 2.3 and 2.4. | 

COROLLARY: If f and ft are corresponding spherical functions, then 9~(¢f) = 

III. The  Fourier coefficients of  orbital  integrals 

III.1. The  Fourier coefficients of  orbital  integrals on H 

As usual, F is a p-adic field, and X is a complex valued character of F x with 

conductor m, m >_ 0. Thus if m _> 1, this character is trivial on 1 + ~rmR and is 

non-trivial on 1 + 7r'~-lR. If m = 0 then X is trivial on R × and is non-trivial on 

1 + 7r-lR, and we say that X is unramified. Recall that {¢'; r > 0} is the basis 

of Cc(N'\H/K', Cg'),  and for any ¢' E Cc(N'\H/K', Cg'),  we defined 

~ ' ( a ' ¢ ' ) = f × ¢ ' [ [  0 ]F ~ 1 1 o~ a 0 
- 1  0 ) ( 0  1 ) ( 0  1 ) ) x ° ( a ) d × a "  (33) 
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For any r > 0, set 
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PROPOSITION 3.1: Let X be a multiplicative character o f F  x. I f  X is unramified, 
defne  ¢ and X by X = I,q-  = -1.  Then 

r× (0, c~)¢(a)X(~)lal~'(c~ -1, (-1)rqr(¢ 'r  ± ¢'r_l))dX c~ 

is equal to 0 if X is ram/fled, and is equal to 

X -r ± qX 1-r 

if X is unramifed. 

This proposition follows from the following Proposition: 

PROPOSITION 3.2: The integral 

~'~(x) = IF× (0, a)¢(~)X(~) l~ i~ ' (~  -1, ¢'r)dX a 

is equal to 
1 4- qX 2q2X(1 T X) 

(35) ( - 1 ) r ( q X ) - r  1 :F q-----X + (:F1)r-1 (q - 1)(1 :F qX)' 

in the split and the non-split cases, respectively, i f  X is unramifed, and to 

2(--1)~qmT(¢, X), where T(¢, X) = f ~ (x )x (x )  dx X, 
I=q m 

if X is ramified with conductor m. 

Let us show how Proposition 3.1 follows from Proposition 3.2: 

Proof of Proposition 3.1: If X is ramified, the result is obvious. If X is unramified, 

using the result of Proposition 3.2, we have that 

( -1)rq ' (~ ' r (X) 4- ~/r- l (X)) 

is equal to (in the split/non-split cases) 

X _  r 1 + qX T (qX 4- (qX) 2) _ 1 - (qX) 2 X - "  = X - r  :1: qX 1-r. II 
1 m qX 1 T qX 

To prove Proposition 3.2, we need the following self-contained Lemmas: 
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LEMMA 3.3: Let ~ be a character o f f  with conductor R and X an unramified 
character o f F  x , where F is p-adic field. Set f~rl = q-1 and X(rr) -1 = X .  Then 

for any x E F x , we have 

(36) / c  ~l=qk [°z[3~b(°lx)x(a)dX°z={ 

O, if qk >_ q2lxl-1 ' 
- ( q  - 1 ) - l (q3X)  k, i f  qk = qrxl-1, 
(q3X)k, if qk < ]XI--1. 

Proof: Recalling tha t  dXa  = (1 - 1/q)-l la]-lda,  and tha t  if ]a I = qk then  

X(a)  = X k, we obta in  

/o~,=qk lal3¢(ax)x(a)dX a = ( 1 -  ~ ) - l q 2 k X k  /,~l=qk ¢(°~x) da. 

P u t / 3  = ax .  The  la t ter  integral is 

( 1 -  ~ ) - l q 2 k X k l z l - l  f~l=qklxl ¢(/3)d~. 

Recall that 
0, if l _> 2, 

/ ~  ¢(/3)d/3 =.  - 1 ,  if l =  1, 
I=qt (1 - 1/q)q l, if l _< 0. 

The  l e m m a  follows from this if we note tha t  if l = 1, i.e. qklx I = q, then  

q2kXklxl--1 = ~ ( q a x ) k .  

The other cases are obvious. | 

LEMMA 3.4: The same notations as in L e m m a  3.3, but let X be a ramified 
charac te r  with conductor m, m >_ 1. Then 

xl=q~ ¢ ( x ) x ( x ) d × x  

is equal to 0 unless k -- m, in which case we denote it by T(¢, X). 

Proof: We will consider two cases: k > m and k < m. 

CASE 1: Consider  the case k > m. In this case, there  exists an element  y C F × , 

such t ha t  lY] > 1, 1 + yx -1 E 1 + 7rmR and ¢(y)  # 1. For such y, we have 

+ v / x )  = 1, Iz + v[ = Ixt. 
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The change of variables x ~-~ x + y gives 

fix ¢(x)x(x)d×x = [ ¢(x + y)x(x(1 + y/x))d×x 
I=q ~ Jlxl=q k 

= ¢(y) / ¢(x)x(x)d ×x. 
JIx I~q k 

This is 0 since ¢(y) # 1. 

CASE 2: Consider the case k < m. In this case, take an element y ~ 1 + Ir'~R 
(thus ¢(y) = 1, txyl = lxl) such that X(Y) # 1. Set y' = y -  1. Since lxy'[ < 1, 
we have 

~(xy) = ¢(x + xy') = ~,(zy')¢(x) = ~,(x). 

The change of variables x ~ xy gives 

ftxl=q k ¢(x)x(x)d× x = f~:l=q k ¢(xy)x(xy)d× x = x(Y) j~lxl=qk ~b(x)x(x)d× x" 

This is 0, since X(Y) # 1. The lemma follows. II 

Proof of Proposition 3.2: The integral ~'T(X) is given by the integral 

( (  0 1 ) (  1 c~ -1 ( a  0 ) )  
(37, ; × ; × ¢ ' ~  -1  0 0 1 ) 0 1 

(0, ~ ) ~ ( ~ ) 4 a ) ¢ ( ~ ) l a i d  × ad  × ~ ,  

where t(a) = Xo(a) in the split case and is 1 in the non-split case. By matrix 
multiplication 

( 1 a-1  ) ( a  0 ) 
(38) 0 1 0 1 

We will consider two cases. 

CASE 1: 

of ¢'T 

(a0 0)(1  0 o la'), 

Assume that I~ - l a - l [  < 1 or [~1 >~ [a[ -1- Using (37) and the property 

1)(1 o_1)(o o)) ,((o 1)(a o)) 
- 1  0 0 1 0 1 = @ - 1  0 0 1 

(( lo a°)) 
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( (  a -1 0 ) ) w h i c h i s 0 u n l e s s  H _ l = q _ r o  r In PGL(2) this is equal to ¢'~ 0 1 ' 

la I = qr. Hence, the integral (37) is equal to 

j(a,=qr t(a)d× a f~,>_q_r (O,a)X(a)¢(a)[a,dX a 

(39) 
= ~r(~)~r f~ (o, ~)x(~)¢(~)b,d×~. 

l I =q~ 

If X is unramified, we apply Lemma 3.3 with Ic~] instead of la] 3 and x -- 1: 

o: if,_~, 
(40) fjl~ X(a)C(a)]aldXc~ = X(1 - l /q) -1, i f / =  1, 

I=qe (qX) l, if l < 0. 

Futhermore, in the split case (0, a) = 1, and in the non-split case (0, a) = ( -1)  l 
if ]a I = qt. So the sum (39) is equal to 

o 
(T1)r E (iqX)t + (T1)~-1 qX 

(41) t=-~ q -  1 
= (-1)r(qX) -" + (T1)r- lqX + (T1)r_ i qX 

12FqX q - l "  

If X is ramified with conductor m, then according to Lemma 3.4, the integral 
(39) is equal to 

( -1)rq  m f X(a)¢(a) dxa = (-1)rqm'r(¢,X). 
J t ~  [=qm 

CASE 2: In this case, [a[ < [a] -1. Note that 

( 0 1  1 ) (  1 ol-1 ) ( a 0 ) __ ( 0 1 ) 
- 0 0 1 0 1 - a  - a  - 1  " 

In PGL(2), we have 

/ o 1 ) i o  
- a  - o ~  - 1  0 -a aa 

1 1 ) ( a a 2  O ) (  1 0 ) .  
0 0 1 aa 1 

Hence, 

((o, o )(1o o o)), (( aO o o))1 
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The integral (37) reduces to 

/F x /F x ~)(O~)¢tr ( (  a°120 0 ) )  

This integral does not vanish precisely when laa21 -- q -L  Thus, it is 

(42) j(~l<lai_~ j(.l=q_~l~l_ 2 c(a)(O,a)X(c~)~b(~)lc~ldXadXa. 

Set I(~1 = qZ and lal = qS. The above integral is taken over the set l < - s ,  
s + 2l = - r .  Equivalently, this set is defined by 1 > - r ,  s = - r  - 2l. Applying 

(40) to (42), the integral is a finite sum (split/non-split cases, respectively) 

0 

~(Tr) >~ fI- (O,.)X(.)¢(a)[~ld xa = (T1) ~ E (:t:qX)l + ( T i ) r - 1  qX 
t I =q~ q -  1 

- -  l=l--r 
if X is unramified, and to (-1)~qmT-(¢, X) if X is ramified. Using the summation 

formula for geometric series, the unramified case is 

(~qX) -~ - 1 qX (T1)r(+qX) ~-~ T qX qX 
(:F1)r (:t:qX) -1 1 + (:F1)r-1 q-l-- -- 1 T q X  + (:F1)~-I q - 1  " 

Combining this expression with (41), we obtain the final result (for the unramified 

case) 

(--t)r(qX) -r -~- (T1)r-lqX (-1)r-l(qX) 1-r -}- (:~l)r-lqX 2qX 
+ 

1 ~: q X  1 ~:qX q - 1 

Once simplified, it completes the proof of the Proposition 3.2. I 

I I I .2 .  T h e  Four i e r  coefficients of  o rb i ta l  in tegra ls  on  G 

Recall that  for any ¢ E C~(K\S)  and as -- diag(a, 1, 1, 1,a-1),  we defined 

kO(c~, ¢) = IN ¢(naa~/°v°)¢N(n)dn" 

For any ¢ ~ Cc(K\S), the Fourier transform ~¢(X) of ~(a ,  ¢) is given by 

~¢(X) -- IF× ~(c~, ¢)X((~)dX(~. 

T Recall that  (I)r = ~ i=0  ¢i, where ¢~ is the characteristic function of the K-orbit 

of divl. In this section we compute 

where X is the same character as in Section II. 
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PROPOSITION 3.5: In the split case, the Fourier transform ~T()() o f ~ ( a ,  (I)T) is 

equal to 
qX 1-r + X -T 

if the character X is unramifi'ed, and to 0 if X is ramified. 

Proof." Recalling the definitions of a, n, 7o and v0, we have 

t~(a, ~Pr) = f / ~ a  ~r(a/2+z/ct, Xl/a, x2/a, x3/a, 1/a)~(x2)dxldx2dx3. 

Recall that ~T(xl, x2, x3, x4, xs) is 1 if Ixi[ _< qT (i = 1, ..., 5) and is zero otherwise. 

Thus, the integral ~T(;~) is equal to 

(43) f / f f~(~)¢(x~)axldx~dx3d×~, 

over the set defined by 

where z = -xlx3 - x~/2. After the change of variables xi ~ axi, the integral 

(43) is equal to 

(44) f / / / la[3X(C~)¢(c~x2)dx,dx2dx3dXa, 

over the set 

la(1 - z 2 - 2 z x z 3 ) l  < fit Izxl < qL I x 2 1  _< qL Ix31 < qL q-T _< Ic~[. 

Fixing Xl, x2 and x3, we obtain that 

q-T _< I~l < qTI1 - x~ - 2 x l x 3 1 - 1 .  

Changing the order of integration in (44), it is equal to 

lalZd × o~dx2dx3dxl. 

First, assume that X is ramified with conductor m. By Lemma 3.4 
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vanishes unless k = m, Thus 

• £s  Ic~lax(~)¢(c~x2)cl×~ = qamr(¢'X)Ix21-3X-I(X2)" 
t : q  k 

Since, for any l, the  integral of x - l ( x 2 )  over Ix21 = qZ is equal to 0, we conclude 

t ha t  q)~(X) = 0 when X is ramified. 

Now, let us consider the case of an unramified character  X. To apply  L e m m a  

3.3, we need to split the domain  of integrat ion over c~ into two domains:  defined 

by condit ion q~/l l  - 2XlX3 - x21 is < 1/Ix21 or > 1/Ix2 I. We will consider the  

contr ibut ions  of the integral (45) over each of these domains.  There  are two 

cases. 

CASE 1: Let  us consider the contr ibut ion to (45) from the first domain,  namely  

q" / l l  - 2x lxa  - x21 < 1/Ix21. Equivalently, it is 

(46) 1 - 2xlx3 x2 >_ q~. 
x2 

In this case there are two subdomains .  

CASE la:  T h e  first subdomain  is Ix21 -- qT. Since Ixil <_ qL we have ] l -2XlX31 

_< q2~, which implies 

1 - x22XlX3 x2 = qr. 

This  is equivalent  to I1 - 2 X l X  3 - x 2 1  = Ix21q r = q 2 r .  Note tha t  since r > 1, we 

have I1 - 2xlxa  - x~] = 12XlX3 + x~l. Hence, we conclude tha t  in the integral 

(45), the  in tegrat ion over c~ is taken over I~1 = q - L  Applying L e m m a  3.3, 

f ~  Icdax(°e)~b(c~x2)d× ce = ( q 3 X ) - r .  
I=q-," 

The  integral  (45) is the produc t  of ( q a x ) - ~  and the volume of a subset  defined 

by 
{IXll _< q', Ix21 _< q ' ,  1-31 _< q~, 12XlXa + x~l = q2,}. 

This  subset  is equal to the disjoint union of the following two sets: 

{[xlxa[ _< q2~-1 Ix2[ = q~}, 
(47) 

{I*ll = q ' , l x a l  = q', Ix21 = q', 12xlx3 + xgl = q~'}. 
T h e  volume of the first subset  is 

[~Xll<q~flxal<_q~-}-~xll=q~jx3l<qr]dx3dXlj~]x2lmq ~dx2 
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T h e  volume of the  "second subset  of (47) is the integral 

flXll=qr j~lz2l=q~ flzal=q.,12xlxa+x~l=q2, dx3dx2dXl = (1-~ ) 2 (1-~ ) q3r" 
Mult ip ly ing  the  volume of (47) by (q3X)-r, the contr ibut ion of (45) f rom the  

subcase  l a  is 

CASE lb :  The  second subdomain  is defined by Ix21 < q~. In this case, we have 

1 - 2XlX3 x2 1 - 2XlX3 
X2 X2 

Hence,  in the  integral  (45), the  integrat ion over ~ is per formed over 

q~ 
q--r < ]O 4 < 

] 1  - -  2XlZ3]' 

and  x2 satisfies {Ix21 < q~, Ix21 < rl - 2xlx3lq-r}. We will consider two cases: 

]1 - 2 X l X 3 ]  = q 2 r  and ]1 - 2 X l X 3 ]  < q 2 r .  

(i) Let  11 - 2xlx3] = q2~. Since Ixil ___ q~, this implies t ha t  Ixll = Ix31 -- 
T h e  in tegra t ion (in (45)) is taken only over c~ with  Ic~l = q-~,  and over x2 with  

Ix l < Thus  the integral (45) is 

~xxl=q,'~xal=qrJ(x2l<qrj(c~l=q-r ]Ol]3X(Ol)~)(Olx2)d×Oldx2dx3dxl" 
Once evalua ted  and simplified, it is 

(49) \ l - q ]  q2~q r ( q a X ) - ~ =  _ 
q qJ q 

(ii) Let  [1 - 2XlX31 < q2~. Define I by [1 - 2XlX31 = ql. In (45), x2 is bounded  

f rom above by I1 - 2xlx3]q -r = qt-~. Since l < 2r - 1, this implies t ha t  x2 < q~. 

T h e  integral  (45) becomes  

J(xll<q~ fxal<q~ J(lx2i<ll-2xlzalq-~ ~q-~ <lM<<_q~ll-2x~xa1-1X(Ol)~b(Ozx2) 
[~lad × ctdx2dx3dxl. 

Breaking it into the sum over l, it is 

( 5 0 ) / < 2 r - - - 1  ] l - - 2 z t x a l = q '  _ _ _ 

]al3d x adx2dxldX3. 
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Applying  L e m m a  3.3, the integral over a becomes a geometr ic  series 
r--l q3kX k ~-~-k=-~ . Subs t i tu t ing  this into the integral over x2 in (50), we obta in  

9(x - -  (q4X)-rql (q3X)~-t+x (q3X)-~dx2 _ q(q2X)r+l(q2X)_ z q--5-~X-- T " 
2]_~qZ-r q3X - I q3X - I 

Hence, the integral (50) is equal to 

[q(q X) (¢x) 
l<~2r_l / ~Xl ]~_q~ [xs,~q~ [l_2xrxs[=q, [ q-~X = ~ (q2 X )-I q-~X --- l q J dxl dx3" 

Spli t t ing off the t e rm corresponding to 1 = 2r - 1, it is 

(51) ~(q3X + l)(qZX)-~ f fxli<qr,]x3l<q%ll_2xlx3i=q2~_ 1 dxldX3 

[q(q2X) r+i (q4X) -r _ll 
+ ]~ '  [ q-~X=T (q2X)-' q-TffX---lqJ 

(52) 1<2r-2 

x / f ~  dxldx3. 
11_<qr,b3 I<_q~,11-2xl~31=a ~ 

This  is a contr ibut ion of (45) over the domain  lb(ii) .  We will not  evaluate  the  

sum (52) any fur ther  for it will be  cancelled by a similar sum obta ined  below. 

CASE 2: Consider  the contr ibut ion of (45) over the domain  qr/ll-2xlx3-x21 > 
1~Ix2 I. Equivalently,  it is 

(53) 1 - 2xlx3 x2 < q~. 
X2 

Using L e m m a  3.3, the  integral over a in (45) can be split into two integrals: one 

over the  s u b d o m a i n  q-~ ~ Ic~l < Ix2[ -~ and the other  one over the subdomain  

lal = q]x21-1. Thus  the  integral  (45) is 

+ 

where Xl, x2 and x3 range over the set 

(55) ixl[ < qr, ix3i < qr, t 

Define l by I1 - 2xlx3] = qZ. 
l = 2r. 

lal3¢(ax2)x(a)d × adxldx2dx3, 

1--2xlx3 x2 <qr. 
X2 

We distinguish between the  cases 1 ~ 2r - 1 and 
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The  sums (52) and (58) cancel each other. Thus, the sum of the contr ibut ions of 

Case lb(ii)  and Case 26 is obtained on adding (51) and (57). It is 

q E ~ ~ l 1-(q3X -t- 1)(q2X)-rl<2r_l / ~xll< q ,Ix31<--q ,ll--2xlxa[=q dxldX3. 

The  sum of the integrals in this expression is the integral 

f flxa I<_q~,lx3l<_q~dl-2XlX31<_q2"-I dxldx3 

z f]x dXl ~ dx3 -~-j[ll dXl fl x dx3 : q2r-l(2- 1/q) • 
l [<q r-1 31_<q r l[=q r a[_<q r-1 

In conclusion, the contr ibut ion from Case lb(ii) and Case 26 is 

(59) l (qaX + l)(q2X)-~ q2~-l ( 2 -  

CASE 2b: Now t l-2xaxa[ = q2r. Since Ixil _< q~, this implies tha t  Ixll = Ix31 = 

qr. Puthermore ,  to satisfy (53), we must have tha t  Ix21 = q~. Since in this case 

the inequality q-" <_ Ic~l < Lx21-1 is equivalent to Ic~l = q - L  and qlx21-1 = q l - r  
the integral (54) is equal to 

(60) f f f [~l=q_, + ~l=q~_, l~13¢(~x2)x(~)dX~dzaax2dx3. 
where Xl, x2 and x3 range over the set 

1 - 2XlX3 xz < qr-1. 
(61) Ixtl = q r ,  Ixzl = q r ,  Ix3l = q L  x2 _ 

Since Ix2l = q~', using Lemma 3.3, we have 

,¢, 

(62) 

and 

(63) 
i J3¢( x2) (q3X) 1-r 

i=q~-~ q -  1 

The  volume of the set (61) can be computed as follows. The  inequality (53) is 

equivalent to 

1 - 2xlx3 - x~ = 7rl-rtx2, where Itl <_ 1. 
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Thus, the set (61) can be described as 

IXll = q r  [xul = q r  X3 - -  
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1 --  X22 X27r 1 - r  
- - t ,  Itl <__ 1. 2xl 2xl 

Note that Ix31 = qr and dx3 = qr-ldt. The volume of (61) is 

qr-l flxll=q dxl ~x21=q dx2 f]tl<_ldt = (1-- ~) 2q3r--l" 

Multiplying this by the sum of (62) and (63), the integral (60) is 

~_--~- j 

Hence, the contribution to (45) of Case 2b is 

(64) lq (1 - X -~ - (q - 1)X 1-r. 

We have considered all possible cases. Finally, the answer (the integral (45)) 
is obtained on adding (48), (49), (59) and (64). I 

PROPOSITION 3.6: In the non-split case, the Fourier transform ~r(X) o f ~ ( a ,  (I)r) 

is equal to 
X-r __ qX 1-r 

if the character X is unramified, and to 0 if X is ramified. 

Proof: Recalling the definitions of a, n, 70 and v0, we note that ko(a, if)r) equals 

f / /F3g2r(2aO- xl + z/a, xa/a, x2/a,l + x3/~,l/a)¢(Xl + 2Ox3)dxldx2dx3 • 

Hence, by definition the integral ~ ( X )  is 

fFX fFa ~r(20~O- Xl q- Z/O~,Xl/O~,X2/O~,I -I- X3/O~, 1/O~) 

¢(Xl + 20x3)dxldx2dx3x(a)d × a. 

Recall that (I)r (xl, x2, x3, x4, Xs) is I if ]x~ I ~ q~ (i = 1, ..., 5) and is zero otherwise. 
Thus, the integral above becomes 

f f f 
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over the set defined by 

260 z - x l  + -- <_ qr, C~ 
where z = - x l x 3  - x~/2. 

71 

< q ' ,  < q ' ,  + ~  - _ 

After the change of variables xi ~+ axi  followed by 

x3 ~-~ 1 + x3 we arrive at the integral 

over the set given by 

(66) Ixll <_ q r, ]x2] <_ q ~, [Xal <_ q ~, q-~ <_ lal < q~12 +Oz] -1, 

where z = - x l x 3  - x2/2.  By Lemma 3.3 

0, if qk>_q2lxl-1 ' 
(67) fjt~ lal3¢(ax)x(a)d×a = - ( q  - 1)- l (q3X) k, if qk = q l x l - 1  

I=qk (qaX)k, if qk <_ ixl-1. 
In order to use this, we will split (66) into two subdomains: according to whether 

q~/12 + Oz I is _< or > than  1/Ix1 + 20(x3 - 1)l. 

CASE 1: We have qUI2+Ozl  <_ 1/[xa +20(x3- 1)l. Using (67), the integration 

over a in (65) is performed when q-~ < lat < qrt2 + Oz1-1. The integral (65) is 

equal to 

/ f f i__~<__lc~l<__q~i2+Ozl__l lO~]3~(O~(xl+20(x3-l))X(OOdxOldxldx2dx3' 
where the triple integral is taken over the set defined by 

iXl[ _<qr ix2] <_qr Ix3] <_qr IXl_I_20(X3__I) [ < 12+Ozlq--r. 

Define 1 by ]2 + Oz] = ql. The integral above can be writ ten as 

( 6 8 ) , ~ r q Z - ~ f  f f ,al3¢(a(x  + 2 0 ( x 3 - 1 ) ) X ( a ) d X a d t d x 2 d x 3 ,  

where (for each l) Xl, x2 and xa range over the set 

(69) ]Xe] < qr, ix2l < qr, ix31 <_ qr, ]2 + O z l = q l ,  iXl + 2 0 ( x 3 _  l)l <_ ql-r.  

Applying (67), we obtain 

r - - I  

fq IO~I3~)(O~(Xl + 20(x3 -- 1)))X(a)dXa = E (qaX)k 
-~<lal<q~-' k ~ - r  



72 D. ZINOVIEV Isr. J. Math. 

(q3X)r-l+l  -- (q3X)-r  
(70) = 

q3X - 1 

Making the change of variables in (69), Xl = 28(1 - x3) + rr~-~t, where It] < 1, 
the sum (68) is equal to 

(71) Z v°l(Vl(l))ql-r (q3 X)r--I+l -- (q3X) - r  
/_<2r q3X - 1 ' 

where V1 (1) is the set defined by 

(72) 1tl < 1, Ix21 _< q~, Ix31 <_ q~,14- 82 - 287rr-Ztx3 + (28x3 -- 8) 2 -- 8x~l = ql. 

Note that since Ix31 _< qr and ]tl < 1, we have ]20rrr-ltx3] < ql. We distinguish 
between the following subcases. 

CASE la: Assume that r2oTr~-ztx31 = qL. It follows that It] = 1 and Ix3] = qL 
This subset of (72) is given by 

(73) [tl = 1, [x~l < q~, Ix3[ =q~, [ 4 - 8 2 - 2 8 7 r ~ - t t x 3 + ( 2 8 x 3 - 8 ) 2 - S x ~ ]  =q t .  

Since 8 is a non-square element and Ix2t < q~, l ( 2 0 X a  - 0 )  2 - Ox~l = q~r. Thus 

the only l when the set (73) is non-empty is when l = 2r. Once simplified, it is 
defined by 

Itl = 1, Ix21 < qr, ix31 = q~, 12~r-rtx3 + x 2 _ 8 (2 x 3 )2 1  = q2r. 

Alternatively, once x2 and x3 are fixed, t can be any element with ]t I = 1 which 
does not belong t o  ( 8 ( 2 x 3 )  2 - x 2 ) T r r / ( 2 x 3 )  A- 7rR. Thus, the volume of (73) is 

equal to 

(74) q 2 ~ ( 1 -  ~ )  ( 1 -  ~ ) .  

CASE lb: Assume that 120rr~-Ztx31 < qt. This subset of (72) is given by 

(75) Itl <_ 1, Ix21 _< qr, Iz3[ -- q~, Itx3[ < qr, 14 _ 02 + (28x3 - 8) 2 - Ox2[ = ql. 

Removing the third inequality, we enlarge the set (75) by 

(76) ft I < 1, Ix2l <_q', ]x3l=-q v, ] t x3 l=q  v, 1 4 - 8 2 - f - ( 2 8 x 3 - 8 ) 2 - S x ~ l = q  I. 

Note this subset is non-empty only when I = 2r, in which case its volume is 
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Thus,  when l < 2r, the set (75) is given by 

(78) It] < 1, Ix2] <_q~, @31=q~, Itx3]<q~, 1 4 - 0 2 + ( 2 0 x 3 - 0 )  2 - 0 x ~ I = q l ,  

and, when 1 = 2r, it is the difference of (77) and (76). 

We obtained tha t  when l < 2r, vol(Vl(/)) = Wt - Wt-1, and when l = 2r, 

vol(Vl(2p)) = W2r - W2r_ 1 ~- (74) - (77). 

Note tha t  when I = 2r, (70) is equal to (q3X)-~ and (74) - (77)  is 

The  integral (65) over the subset of Case 1 is equal to 

(q3X)r-l+l - (q3X)-r _ (I  _ I "~ I x _ r ,  
(79) ~ ( w ~  - w~_~)q ~-~ q~X - 1 q /  q 

l<_2r 
where Wl is the volume of the set defined by 

Ix21 <_ qL Iz3t = qL 14 - 02 + (20x3 - 0) 2 - 0z~l _< qZ. 

CASE 2: We have q~/]2 + 0z] > 1~Ix1 + 20(x3 - 1)]. Using (67), the integrat ion 

over a in (65) is performed when q-~ < ]a] < qlxl + 20(x3 - 1)1-1. The  integral 

(65) is equal to 

f / f fq-~<_l~l<_qt~,+20(x3_l)l-11c~13¢(c4xt + 20(x3-1))X(cOd×c~dxldx2dxa' 

where the triple integral is taken over the set defined by 

IXll _<q~, Ix21 _<q~, Ix3] <_ q~, Ixl + 20(x3-1)] > 12 +Ozlq -r. 

Define 1 by Ix1 + 20(x3 - 1)1 = q~. The  integral above can be writen as 

Eql--r / / f ~ ¢(O~(X1~-20(X3-- ]))X(OL) -" <lal<q]xl-l- 20(x3-1)]- i (80) ~<r 

lal3d × adtdx2dx3, 

where (for each l) x l ,  x2 and x3 range over the set 

(81) [Xll < q r, Ix2] <_ q r, Ix31 < q r, ]Xl + 20(x3-- X)l =q, [2 +Oz] < q l+r. 
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Applying (67), we split the integral over c~ into two integrals 

[~qq_r<_l~l<q_t A- ~ll~l=ql_t] l~[3¢(~(xl A- 20(x3 -1)))X(~)d× a 
-l 

: E (qax)k (q3X)l-I 
k=-r q -  1 

(q3X)l-t - (q3X)-r (q3X)l-I 
(82 )  = q3X - 1 q -  1 

Making the change of variables in (81), xa = 20(1 - x3) + n'- te,  where ]e] = 1, 

the sum (80) is equal to 

(83) E L[(qaX)l-~£--¥- (q3X)-~ (q3X?-']q-- $ ' 

where 112 (l) is the set defined by 

(84) 14 = 1, Ix2] ~< q~, ]x3[ <~ q~, 1 4 - 0 2 - 2 0 7 r ~ - t e x 3 + ( 2 0 x 3 - 0 ) 2 - 0 x 2 1  : qt. 

Note tha t  since Ix3[ < qr and [~l = 1, we have 120~r-ZExzb <_ q~+l. We distinguish 

between the  following subcases. 

CASE 2a: Assume tha t  1207r-lcx3] = ql+,.. It implies tha t  Ix3] = q~. Following 

the same argument  as in Case la,  we conclude tha t  with this assumption,  the 

only non-empty  subset of (84) is when l = r. It is defined by 

(85) 14 = 1, IX2I < q ' ,  Ix31 = q', 121r-'ex3 + x 2 - 0(2x3)21 < q2,-1. 

Alternatively,  once x2 and X 3 are fixed, e should be in -(x 2 -O(2x3)2)Trr//(2x3)~- 
7rR. Note tha t  le] = 1. The  volume of (85) is 

When  I = r,  (82) is equal to (q3X) - r  - (q3X)l-r/(q - 1). The  contr ibut ion of 

this case to (83) is 

(86) q2r(1- ~) 2q~[(q3X)-~q (q3X)l--rq~-~ ]. 



Vol. 106, 1998 ORBITAL INTEGRALS ON SO(5) AND PGL(2) 75 

CASE 2b: Assume tha t  1201r-rex31 _< qZ+r-1. Thus  this subset  of (84) is given 

by 

(87)  I~1 = 1 ,  1521 _< q', 1531 = qr, 14 - 02 + (20xa  - 0) 2 - o531 <_ ql+r-1. 

Note  t h a t  t he  v o l u m e  of th is  set  is (1 - ! ) W t + ~ - l .  

Combin ing  these two subcases,  the integral (65) over the subset  of Case 2 is 

equal to 

~-~Wl+r-lql(i--~) [ (q3X)l-l-(q3X)-r'@-X--- 
(88) ~s, 

The  answer is ob ta ined  on adding (79) to (88). 

(q3X)l-I 1 
-~ - -f .] 

+~(l-~)x-'-qxl-n 
Fix any k < 2r. To find the 

coefficient of Wk in (79), we consider the t e rms  when l = k and l = k + 1. This  

coefficient is equal to 

( q 3 X ~ - k + l  rq3X~,-k (89) q k - ,  / - (q3X) - "  _ qk+l-, ~ / - (q3X) -r 
q3X - 1 q3X - 1 

Similarly, to find the  coefficient of Wk in (88), we consider the t e rm  with 1 = 

1 + k - r. The  coefficient is equal to 

l 7x---~- ~ i j 
(90) = qk+~-~ (q3X) " -k  - (q 3 X ) - ~  _ qk-r (q3X) r-k - (q 3 X ) - "  

q3X - i q3X - l 

_ qk-~(q3X)~-k" 

The second term of (89) cancels the first one of (90). Thus, their sum is zero. 

Further, note that 

W2r = ~x21<_q~dX2 ~x3,=q~dX3 = ( l -  ~)q2r" 

Thus  the  sum of (79) and (88) is equal to 

W2 r(q3X)l--r--(q3X)--r__ (1_ l ~ l x - r  
"q ~-~--- i  q /  q 

÷ ( 1 - l ~ l x - r - q X l - ' - - X - r - q  X l - r ' q / q  

The  Propos i t ion  is proved. I 
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THEOREM: Corresponding f and f '  are matching. 

Proof: Indeed,  as we have seen in Section 1.0, to prove tha t  corresponding 

funct ions are match ing  (i.e. ~ ( ~ , ¢ f )  = ¢((~)l(~l~'(a -1 ,¢~ , ) )  it is enough to 

show tha t  (for r _> 0) 

(91) • (a, ff2r) = @((~)lal~'((~ -1,  ( - 1 ) ' q r ( ¢ ' r  4- ¢'~-1))" 

Compar ing  Proposi t ion  3.5 in the split case, and Proposi t ion 3.6 in the non- 

split  case, with Proposi t ion  3.1, we have (for r > 1) 

S.× -- S., (-1)'q'(+" ± ¢"-l))x(')d× 

where X is any complex valued character of F x . If X is ramified both integrals 

are equal to 0. Fourier inversion formula now implies (91) when r > i. When 

r = 0, the formula (91) follows from the unit element case, treated in [FM]. II 
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