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ABSTRACT

We relate the “Fourier” orbital integrals of corresponding spherical
functions on the p-adic groups SO(5) and PGL(2). The correspondence
is defined by a “lifting” of representations of these groups. This is a
local “fundamental lemma” needed to compare the geometric sides of the
global Fourier summation formulae (or relative trace formulae) on these
two groups. This comparison leads to conclusions about a well known
lifting of representations from PGL(2) to PGSp(4). This lifting produces
counter examples to the Ramanujan conjecture.

Introduction

Let G be the special orthogonal group, defined over a local field F', by an anti-
diagonal form, with upper triangular minimal parabolic subgroup. An explicit
definition is given in Section 0, where G is denoted by SO(3,2). Let Cy (§ € F*)
be a subgroup of G isomorphic to the special orthogonal groups SO(2,2) or
S0O(3,1) (see Section 0). Denote by P the maximal upper triangular parabolic
subgroup of G with abelian unipotent radical N. For any spherical function f €
C.(K\G/K), K being the standard maximal compact subgroup of G, consider
the Fourier orbital integral

/ f(ngh)in (n)dhdn,
N JCy

where 1)y is a certain character on N depending on a fixed character 1 of F' with
conductor R (integers of F'). The N-Cy-orbits of maximal dimension are of the
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form Na,7y,Cp, where a, is the diagonal matrix diag(e,1,1,1,a7!) and v, is
defined below. We are interested in ¢ of the form a,yg, and denote the integral
for such g by ¥(q, f).

Let H be the group PGL(2) over F. By the Bruhat decomposition it is
N'A’ U N'wN'A’. Define a character on the upper unipotent subgroup N’ by
Y (') = Y(z), where n’ =n'(z) € N'.

For any spherical function f’ on H (i.e. f € C.(K'\H/K")), define the Fourier
orbital integral

V(a, f') = /, . (0w (a)a’ Y (n')e(a’)da'dn’,

where ¢ is xo (the unramified quadratic character on F*) in the split case, and
1 in the non-split case.

Let m¢ = Ig(¢,1/2+ () be a (certain) unramified representation of G, induced
from its Borel subgroup B. Let m; = I (¢, —() be a (certain) unramified repre-
sentation of H, induced from its Borel subgroup B’. We say that two spherical
functions f on & and f’ on H are corresponding if their Satake transforms are
equal, i.e. tr m¢(f) = tr m¢(f’), for all complex numbers (.

Consider a pair of corresponding functions {f, f’). The main result of this
paper shows that their Fourier orbital integrals are related by

U(a, f) = (6, )p()a|¥' (™, f'),

where (6, ) is a Hilbert symbol.

Our paper was motivated by Flicker—-Mars [FM], which deals with lifting rep-
resentations from H = PGL(2) to G = PGSp(4). It uses the property that the
lifts have periods with respect to the cycle (closed subgroup) Cy. Here Cy is the
centralizer of diag(ag, ap) (ag = antidiag(1,8)) in G. This property led [FM] to
apply the theory of the Fourier summation formula for PGSp(4) and the cycle Cy
over a global field. This summation formula is a special case of Jacquet’s relative
trace formula. Other approaches to establishing this lifting of representations use
the theory of the Weil representation (see Oda [O], Rallis-Schiffmann [R], [RS],
Langlands [L], Piatetski-Shapiro [PS]).

The Fourier summation formula is obtained by integrating the kernel Ky(n, h),
in fact its product K s(n, h)iy(n) with the complex conjugate of the value of the
character ¥5 on N(A), over n € N(F)\N(A) and h € Cy(F)\Cp(A). This kernel
of the convolution operator r(f) on the space of cusp forms on G(A), has the
geometric expansion Z'yEG( F) f(n~'4h), and a spectral expansion. One com-
pares the geometric side of the summation formula on G(A) (= PGSp(4, A)) to
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the geometric side of a similar summation formula on H(A) (= PGL(2,A)). The
equality of the geometric sides (for different test functions) implies the equality of
the spectral sides of these two formulae. This can be used to obtain various con-
clusions about lifting of representations from PGL(2, A) to PGSp(4, A). To carry
out the separation argument which plays a key role in these studies one needs a
“fundamental lemma”, which asserts that corresponding spherical functions on
PGSp(4) and PGL(2) have matching Fourier orbital integrals.

Proposition 8 of [FM] states a precise form of the conjectured fundamental
lemma. A direct proof of this statement for the unit elements in the Hecke
algebras is given in Proposition 6 of [FM].

Note that under the isomorphism of PGSp(4) with SO(3,2), if 6 is a square
in F*, the image of Cy is the split group SO(2,2), and if @ is non-square, it
is SO(3,1). This paper proves the fundamental lemma conjectured in [FM] for
the pairs of local groups SO(3,2)/50(3,1) and SO(3,2)/S0(2,2); remarkable
cancellations simplify the proof, indeed make it possible.

The proof is based on computing the Fourier transforms of the orbital integrals
(referred to also as the Meliin transform, since the variable of integration is
multiplicative). By the Fourier inversion formula, the equality of the Fourier
transforms of the orbital integrals implies the equality of the orbital integrals
themselves. This approach avoids dealing with the asymptotic behaviour of our
orbital integrals. It was first used in Jacquet [J] for the unit element, and then
extended by Mao [M] for the general elements (in their case of GL(3)). In our
case, the unit element is treated in [FM] by direct computations. Here, we give
the complete proof of the “fundamental lemma” of [FM]. Another interesting
question in this direction is the generalization of these results to the case of
SO(n)/SO(n — 1). We hope that this method would apply in this case too.

Our “Fourier” situation is significantly different from that of standard conju-
gacy, where it is known that: (1) the fundamental lemma for the unit element
implies it for general spherical functions, and {2) the knowledge of the transfer of
orbital integrals of general functions implies in principle the fundamental lemma
for the unit element, and vice versa. No such results are known in the “Fourier”
setting of this paper, in particular since there is no analogue of the reduction of
orbital integrals to ones of elliptic elements on Levi factors. Of course it will be
of much interest to establish analogous of (1) and (2) in the “Fourier” case.

ACKNOWLEDGEMENT: Professor Y. Flicker suggested this problem to me. I
would like to thank him for numerous helpful discussions on this subject, and
Dr. Z. Mao for discussions about his paper.
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0. Statement of results

Let F be a local non-archimedean field, of residual characteristic # 2. Denote
by R the (local) ring of integers of F. Let w € F be a generator of the maximal
ideal of R. Denote by q the number of elements of the residue field F = R/# R of
R. Normalize the absolute value on FX by |w| = ¢~!. Fix an additive character
¢ on F with conductor R (i.e. ¢ is trivial on R but not on w~1R).

Let G = SO(3,2; F') be the the group of g € SL(5; F) with tgJg = J, where
tg is the transpose of g and J = Js. Here J,, = (d,41-:;) is the n by n matrix
with 1’s on the antidiagonal and 0’s everywhere else. Then G is the split special
orthogonal group in five variables. Denote by V the five dimensional vector space
of columns, over F. The group G acts on V via multiplication on the left. In
the split case, let vy € V be the column *(0,0,1,0,0). Set C = Stabg(vg). Then
C is the split special orthogonal group over F in 4 variables; we denote it by
SO(2,2; F). The symmetric space G/C is known to be isomorphic (via the map
9 — guvo) to a four dimensional closed subvariety S of V, given by a quadratic
equation. In the non-split case, let vp € V be the column *(0,26,0,1,0), ¢
not in (F*)2. In Section 1.2 we define a subgroup Cj of PGSp(4). We denote
by Cg = SO(3,1; F) the image of Cj under the isomorphism from PGSp(4) to
SO(3,2). In Lemma 1.4 we show that Cy = Stabg(vg). The quotient G/Cy is
known to be isomorphic (via the map g — gug) to a four dimensional closed
subvariety S of V, given by a quadratic equation. To simplify the notations, we
write Cy for both split and non-split cases. The split case corresponds to C,
where C, = C.

Denote by P the maximal upper triangular parabolic subgroup of G with
abelian unipotent radical, N. The subgroup B denotes the upper triangular
Borel subgroup of G. Let K = SO(3,2; R) be the standard maximal compact
subgroup of G. Define

A = {a, = diag(e,1,1,1,a™Y); a € F*}, M = {diag(1,m,1); m € SO(J3)}.

Then P = NMA. Let Ay be the diagonal subgroup of G and Ny the maximal
unipotent subgroup of B. We have B = AgNy. Note that N is a subgroup of Ny,
isomorphic to F3. We will write n = n(z, T2, 3) (as in L1). In the split case,
define a character ¢ on N by ¥n(n) = ¢(z2), where n = n(z1,z2,23). In the
non-split case, set ¥y g(n) = Y(z; + 20z3).

The subgroup N acts on G/Cy by multiplication on the left, turning it into
a disjoint union of N-orbits. By Proposition 1.5 of Section I the N-Cy-double
cosets in G of maximal dimension (which is equal to 9, as dim(N) = 3 and
dim(Cy) = 6) are represented by aso, as € 4, for a certain matrix v, defined
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at the beginning of Section 1. Moreover the N-orbits of S of maximal dimension,
3, are of the form Na,Yvp, aq € A.

As usual, denote by C'(X) the space of complex valued functions on an l-space
X (see [BZ]), and in C'°(X), the subscript “c” indicates “compactly supported”,
and “co” means “locally constant”. For any f € C°(G), define

¢f(9“0)::J£jf(gh)dh-

Then ¢5 € CP(S). If f is a spherical function (i.e. K-biinvariant, or f €
C.AK\G/K)), or even if only f € C.(K\G), then ¢; € C(K\S). For any
¢ € C°(S), define the orbital integral

wmw=Aammmwmwm

Let H be the group PGL(2, F). Its elements will be denoted by their repre-
sentatives in GL{2). Note that H has a trivial center. Denote by B’ the upper
triangular Borel subgroup of H. Let K/ = PGL(2, R) be the standard maximal
compact subgroup of H. We have B’ = N’ A4’, where

N’z{n(x):((l) 910>;$€F}’ A':{((g ?);QEFX}.

Define a character 95 of N’ by ¥n/(n(z)) = ¥(z). Let xo be the trivial or an
unramified quadratic character of F* (i.e. xo(w)? = 1, and xo(R*) = 1). Put
¢ = xp in the split case and 1 in the non-split case. Define the integral

o= L% 1) (5 1)(5 ) omwiomre

Denote by C.(N’\H,vn+) the space of complex valued compactly supported
modulo N’ functions ¢’ on H, which satisfy (for any n € N’) the relation

¢'(ng) = Yy (n)¢'(9),

where Z denotes the complex conjugate of z. Write C.(N'\H/K',¢) for the
space of such right K’-invariant functions. Given f’ € C°(H), define a function
}r (S CC(N’\H, QZJN/) on H by

¢5:(9) ZA, Y {n) f'(ng)dn.
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If f is K'-biinvariant, then ¢, € C.(N'\H/K',1n'). Define the integral

o[ ((5 1)(49) (5 )

Thus, by definition ¥'(a, ¢,) = Tn (e, f').

Definition: The functions f € C(G) and f' € CX°(H) are called matching if
for every a € F* we have

U(a, ¢5) = (6, a)p(a)|a| ¥ (a", ¢f).

Note that in the split case (0, a) = 1.

Let # = Ig(¢,¢’) be the representation of the group G which is normalizedly
induced from the character | [<|a2|<' of the Borel subgroup, B, where a; and a»
are the two simple roots of G with respect to B. The space of this representation
consists of locally constant functions ¢, such that

$(nak) = 83 (a)|as(a) | laz(a) ¢ ¢ (k),

where n € N, a = diag(a, 8,1,87,a7!) and a1(a) = /B, az(a) = B; G acts
by right translation. Let f be a K-biinvariant, compactly supported function.
Define its Satake transform f¥ by f¥(7) = trn(f).

Let m; = In,x,(¢, —¢) be the representation of the group H which is normal-
izedly induced from the character

a n als a
(0 b)’_‘)li' X"(Z)
of B’

Let f’ be a K’-biinvariant, compactly supported function on H. Its Satake
transform is defined again by fV(r') = tra’(f’).

Definition: The K-biinvariant function f on G and the K’-biinvariant function
f’ on H are called corresponding if for any complex number ¢ we have

fYme) = Y (mp),

where ¢ =, I((,1/2 + () and 7, = In,x, (¢, —() are the representations of G
and H defined above.

The unit elements f° and f° of the Hecke algebras C.(K\G/K) and
C.(K'\H/K'"), which are the characteristic functions of K and K’ divided by
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their volumes, are corresponding. It is shown in [FM] that they are matching.
The main result of this paper is the following extension of that result, conjectured
in [FM].

THeOREM: Corresponding f and f' are matching.

Our approach is analogous to that of [J], [M]. An alternative approach would
be to directly compute the integral. The general structure of the proof is as
follows. Under the action of K, S can be decomposed into K-orbits. Each
orbit has a representative (see Proposition 1.7) of the form d,.v; (r > 0), where
d, = diag(n”,1,1,1,7~7). In the split case v; =*(1/2,0,0,0,1), in the non-split
case v; = %(26,0,0,1,1). The main result of Section I is Proposition 1.8, which
computes the volume of Kd,v;. This section contains also some results needed
in Section II.

We write F(¢) = ¢' (where ¢ € C.(K\S) and ¢’ € C.(N'\H/K',¢n')) if
/ $(5)Te (5)ds = / #'(@)We(a)la] " da.
S A’

Here T¢ is the K-invariant function on S, such that T;(dpv;) == 1 and for r > 1
(see Proposition 2.2)

$+e -3-¢

q2 N(1Fq 2 (3
Te(dyvr) = ( — _5))((% _%)q (3-6)
el @ -9 Fq

«_n

where the sign occurs in the split case and “+” in the non-split case. The
function W¢ is the normalized unramified Whittaker function in the space of the
representation 7, (see Proposition 2.4).

We show in Proposition 2.5 that F is a linear bijection between the spaces
C.(K\S) and Co(N'\H/K', o).

The map f — ¢5 from C.(K\G/K) to C.(K\S), and the map f" ~ ¢,
from C.(K'\H/K") to C.(N'\H/K' 15/}, are used in Section II to show that
the relation fY(m¢) = f'V(m¢) is equivalent to F(¢s) = ¢/,

Define ¢, to be the characteristic function of the orbit Kd,v,. Since K\S is
the disjoint union of Kd,v;, r > 1, (Proposition 1.3) the set {¢,;r > 0} is a basis
of the space C.(K\S). Define ®, = Y '_, ¢;. Then the set {$,;r > 0} is also a
basis of C.(K\S).

Now, we consider the group H. Since H = N'A’K’, any function in
C.(N'\H/K',n+) is defined by its values on A’. For r > 0, define the func-
tion ¢/ in this space by

4 a 0 _J L iflel=qT,
T 01 0, otherwise.
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We show in Proposition 2.4(2) that ¢'(diag(a,1)) = 0 if |a| > 1. Hence, the set
{¢r;r > 0} is a basis of C.(N'\H/K',1n+). Without lost of generality we assume
that xo(m) = —1. Indeed, if this is not the case then we can change the basis
L — (=1)"4.. Set ¢, = 0 if r < 0. The main result of Section II asserts that
for any integer r > 0, we have F(®,) = (-1)"¢" (¢, + ¢,_,), i.e.

[ e Tets)ds = 17 [ (6400) £ 61 @)Wel@lal s
where as usual the “4” sign occurs in the split case, and the “—” in the non-
split case. Thus, if two spherical functions f € C®(G) and f' € C*(H) are
corresponding we have F(¢5) = ¢’,. Since F : Co(K\S) = C(N'\H/K',9n+)
is an isomorphism of two vector spaces, to prove that corresponding functions
are matching (i.e. ¥(e, ¢5) = (6, a)v(a)|a|¥' (a™!, ¢ )) it is enough to show
that (for r > 0)

U(a, @) = (8, )ip(e) ]| W' (7", (~1)7q" (¢7 £ ¢7_y)).

In Section IIT we show that (for any r > 1)
[ veeixdas [ @.au@lel e (07 @k )@

where x is any complex valued character of F'*. The case r = 0 follows from this
result and from the case of the unit element, treated in [FM]. If y is ramified both
integrals are equal to 0. The Fourier inversion formula now implies the required
result for the split case.

1. The group G, subgroup C and the K-orbits of G/C

I.1. The group G
The group G = S0O(3,2) can also be defined as

{9 € GL(5); Q(gv, gv) = Q(v,v),det(g) = 1},

where Q(v, w) = tvJw, hence Q(v,v) = tvJv = 2v1v5 + 2vpv4 + v3 is a quadratic
form on the 5 dimensional vector space V of columns. Let P be the maximal
upper triangular parabolic subgroup of G with abelian unipotent radical, N. Let
B be the upper triangular Borel subgroup of G.
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Definition: Define the matrix

1 24 i x} z
0 1 —z4 —3z o
(1) n=n(r1,z,x3,24) =] 0 0 1 x4 xz2 |,
0 0 0 1 z3
0 0 0 0 1
where
(2) q;g + 23 =0, 22 + J:IZ = T3%4, T1 + :E’l = —29Z4 + %117312, zZ=—Ii1r3— %Z‘g

Let Ag = {diag(a, 8,1, ,a™1); a,8 # 0} be the diagonal subgroup of G.
Let Ny = {n = n(z1,z2,%3,24)} be the upper triangular maximal unipotent
subgroup of By. Put n(zy,z2,23) = n(z),22,23,0). We have B = AgNjp and
P = NMA, where
1 0 0 a 0
M = 0 m 0 }|;meSO(Js),, A= 0 0 s a#0 5y,
0 0 1 0 0 ot
and N = {n = n{z;,22,23)}. The standard Levi subgroup of P is the product
MA.

If 24 = 0 the condition (2) reduces to z} +z; = 0 (¢ = 1,2,3) and z =
—z123 — 325. We define G = G(F), P = P(F), N = N(F), A = A(F),
No = Ny(F) and 4y = A¢(F). Define the character ¢y on N. In the split case,
let Yyn(n{zy,z2,23)) = ¥{xz). In the non-split case, let Yy o(n(z1, z2,23)) =
P(z1 + 20x3).

Consider the split case. Put

Ay 0 A,
cz{( 0 1 0 );(ﬁl ji’)esom)}.
Az 0 Ay 3
LEMMA 1.1: Put vy =*(0,0,1,0,0), and C = C(F). Then C is the stabilizer of

vg under the action of G on V, and the map g — gug embeds G/C into S, where
S is the sphere v in V such that Q(v,v) = 1.

0
I

Proof: Clearly C = Stabg(vg). Since G is the group SO(J), and the third
column z of any element g of G is gug, = satisfies the condition Q(z,z) = 1.
|

Remark: Note that

S = {Y(x1,22,73,24,25) € V; 22125 + 2T214 —i—azg =1}
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1.2. The isomorphism between SO(3,2) and PGSp(4)

Let G’ be the group PGSp(4, F) of matrices g € GL(4, F) such that gJ*g = A\J’,
where J' is the matrix antidiag(1,1,~1,—1) and A € F*. Fix 8§ € F* which is
not a square. Let ag = antidiag(1,6). Let Cj be the centralizer of diag(ag, ag) in
G’. Let N’ be the unipotent radical of the Siegel parabolic subgroup P’ of type
(2,2) of G'. Recall that

vefe=(o 7)eea= (2 1))

Fix a complex valued non-trivial character ¥ of F' and define the character g
of N’ by ve(n) = (2 — 8y). The stabilizer of this character is a non-split torus
(see [FM]).

Definition: Define a five dimensional space X by
X ={T € My(F); Y(TJ") = ~TJ,tx(T) = 0}.
Choose the basis {e;, eq,€3,€4,€5} of X so that
T =T(x1,%2,3,%4,%5) = T1€1 + Toe2 + T3€3 + Tg€q + Tses
is represented by the matrix

—2:3/2 T4 x1/2 0

z2/2 x3f2 0 —z1/2
(3)
z5 0 z3/2 x4
0 —Is 1122/2 ——123/2

The inner form on this space is (T1, T2) = tr{T1T3), where 71, T are in X. Define
an action of G/ on X via g: T~ ¢gTg™'.

LeEMMA 1.2: The action g: T +— gT'g~! of G’ = PGSp(4) on X is well defined
and establishes an isomorphism from G' = PGSp(4) to G = SO(3,2) = SO(J).

Proof: To show that this action is well defined, we have to prove that
tHgTg~'J") = —gTg~'J'. This is equivalent to *J'tg~1*Ttg = —gTg™1J"
Multiplying both sides by g~! on the left and by ¢~ on the right, we obtain
g 1t Jtg 1T = —Tg~'J'"*g~t. But g~1J'*g~! = \J’ implies that g7 1*J'{ g~} =
AtJ'. We arrive at

NI = —Tg ' J'tg™ = - ATJ,

which is true since T € X.
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Further, if Ty = Ty (21,22, 23,24, 25) and To = To(y1, Y2,¥3, Ya, y5) then
tr(ThTe) = z1ys + Tays + 3Y3 + Tay2 + T5Y1.

Since tr(gTyT2g~!) = tr(T1T3), the action of G’ on X defines an orthogonal
group on X. The space X is isomorphic to the 5 dimensional vector space V/,
from Section I.1. Thus this orthogonal group is the group G = SO(J). ]

LeEMMA 1.3: Under the isomorphism of Lemma 1.1, the image of subgroup C,
is Cy, the centralizer (in G} of

-1 0 0 0 0
0 0 0 20 0
0 0 -1 0 0

Proof: By matrix multiplication

01 00 —x3/2 zy  zy/2 0 0 67T 0 o0
g 0 0 0 .’1,'2/2 .’113/2 0 —.’1,‘1/2 1 0 0 0
0 0 0 1 Ts 0 z3/2 T4 0 0 0 61!
00 60 0 —Ts5 .’132/2 —1123/2 0 0 1 0
z3/2 z2/(20) —11/2 0
b Ozy  —z3/2 0 z1/2
—Ts 0 —1‘3/2 .’1?2/(29) ’
0 Ty 9334 $3/2
which implies the lemma. [ |

Note that under the isomorphism between G’ and G, the unipotent subgroup
N’ of G’ is isomorphic to the subgroup N of G via

1 —y =2z 2z 2zy-—22°
1 0 z
y 01 0 0 -2
01 2 z
=} 0 0 1 0 2z
0010
000 1 00 0 1 v
0 0 0 0 1

In particular z — 6y — —%(xl + 20z3) which justifies the choice of the character
N on N,
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LEMMA 1.4: Put vg = *(0,26,0,1,0). Then Cy is the stabilizer of vy under the
action of G on V, and the map g v gvy embeds G/Cy into S, where S is the
sphere v in V such that Q(v,v) = 4.

Proof: The image of the subgroup Cj in G is the subgroup Cy, which consists
of matrices of the form

an a2 a13 —26a12 a5
as a22 a3 20(1 — ag2) azs
a31 a32 a33 —20az: ass
—a21/(20) (1 —a22)/(20) —a2s/(20) age —azs/(20)
as; as2 as3 —20as; ass

Clearly Cy = Stabg(vg). Recall that Q(v,w) = 'vJw. If y2 is the second and y4
is the fourth columns of the orthogonal group G, then they satisty Q(y2,yz2) =

Q(y1,y4) = 0 and Q(y2,y4) = Q(y4,y2) = 1. The element gug is the sum
20y2 + y4. Hence, we have

Q(20y2 + ya,20y2 + ys1) = 46°Q(y2,y2) + 40Q(y2,y4) + Q(ya, ys) =40.

Remark: The sphere S is equal to

S = {t(I1,$2,$3,$4,.’L‘5) €V 2x1z5 + 22924 +.’B§ = 40}

1.3. Double coset decomposition

In the split case, we define

) b0 b0 - :
0 0 1.0 0 O 0
n=|01], = -1000 -3 |, w=|1

0 0 001 O 0

1 -1 010 1% 0

In the non-split case (9 ¢ (F*)?), we define

20 1 100 O 0

0 -1 0 0 0 O 20

h = 0 y Y= 0 01 0 O y, Up= 0

1 0 001 -1 1

1 0 001 O 0

Note that v; = yyvp.
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PROPOSITION 1.5: We have the disjoint decomposition: G = PCy U N AvyCy.
The representatives of the N-Cy-orbits of maximal dimension, which is 9, are
of the form avyy, a € A. Futhermore, the map g — guvg of Lemmas 1.1 and 1.3
establishes an isomorphism of homogeneous spaces from G/Cy to S.

Proof: Consider the left action of P on S. Since the last row of any element of
P is of the form (0,0,0,0,a™ 1), a # 0, we conclude that there are at least two
P-invariant subsets in S: a closed subset {z = (1, z2,23,24,0); Q(z,z) = 1},
and an open subset {z = *(21,22,23,74,25); Q(z,z) = 1, z5 # 0}. We claim
that P acts transitively on each of these two subsets.

Consider the split case. The element v; = ¢(1/2,0,0,0, 1), which is a represen-
tative of the open subset. Acting first by an element from A and then from N,

a z x1 x2 x3 1
—+—7_1_)_’_ ‘
2 oo a a

When (1,2, 23) runs through F? and o over F'*, this column runs through all

we obtain the transpose of

elements *(z1, 22, z3, 24, x5) of S, with 25 # 0. Thus P acts transitively on the
open P-subset of S, i.e. it is a P-orbit.

Consider the non-split case. The element v; = ¥(26,0,0,1, 1) is a representative
of the open subset. Acting first by an element from A and then from N, we obtain

1
(2a0~x1+3,ﬂ,3,1+ﬁ,—).
a ¢ o o

the transpose of

When (1,22, 23) runs through 3 and a over F'*, this column runs through all
elements *(z1, 2, 3,%4,75) of S, with x5 # 0. Thus P acts transitively on the
open P-invariant subset of S, making it a P-orbit.

Consider v9 = *(0,0,1,0,0) in the split case and vy = ¥(0,26,0,1,0) in the
non-split case. This is a representative of the closed subset. First, acting by
an element n(0,—s,0) € N (see 1.1), in the split case, and n{~—s,0,0) in the
non-split case, we can send vy to ¥(s,0,1,0,0) (respectively i(s,20,0,1,0)), s
arbitrary. Multiplying it on the left by an element ¢ = diag(1,m,1) € M, we
obtain (s, ma1, maa, Ma3,0), where *(may, maz, m32) is the second column of m.
Thus, we obtain all elements *(z1, 22, Z3,24,0) € S. Note that the N-orbits in S
of such elements are of dimension 1.

Consequently, the decomposition of G with respect to P and Cy is G =
PCy U PyCy. Recall that P = NAM. We assert that 75 M~y C Co. In-
deed, from M C Stab(v;) it follows that v5 ' M~y C Stab(vp), since v; = 9.
Thus, G = PC U NAv%C.
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Since A C Cy, -we have PCy = NMCy. We have seen that the N-orbits of
NMCy/Cs are of dimension 1. Hence the N-Cy-double cosets of PCy are of
dimension 7.

We have seen above that the map g — guvg is an onto map with kernel Cj.
Consequently G/Cy ~ S. The proposition follows. ]

I.4. The subset Kb K

Set by, = diag(w—?,1,1,1, ), by = diag(1,7~*,1,7,1) and consider the double
coset Kby K. Recall that F is the residue field of F, i.e. a finite field of ¢ elements,
q is odd. Define Ny = N (F). More explicitly

1 z§ = zh z
0 1 —T4 —%CL‘Z Iy
Ny = n($1,$2,$3,$4) = 0 O 1 Zq X2 ; 1,Z2,X3,T4 € F ,
0 0 0 1 I3
0 0 0 0 1

where z, T4, 2%, T3, T5, T2, T}, 2 satisfy the relations (2). Define in Ny the
subgroups (the order of N; is ¢*~%):

Ny = {n € Ng;n = n{z,,22,23,0)},
Ny = {n € Ny;n = n(z1,0,0,24)},
N3 = {n € Ng;n =n(0,0,23,0)}.

We regard N; and Ny as subsets of Ng(R) on choosing representatives in R of
the elements of F = R/m.
The following Proposition is used in the proof of Proposition 1.8.

PROPOSITION 1.6: We have the disjoint decomposition
(4) Kb K = KbyN; U KbyN, U Kby ' N3 U Kbyt
Proof: 'The Weyl group
W = {1,(15),(24), (12)(45), (14)(25), (15)(24), (1452), (1254) }
embeds in K, so we have
Kb K = Kb7'K = Kh)K = Kb;' K.

Let W; be the subset {1, (15), (12)(45), (14)(25)} of W, and P, = KNb Kb;' a
parahoric (see, e.g., [T]) subgroup of K. Using the Iwahori decomposition:

K =PW P, = U PiwPy,
weW,
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we have
Kb['K = U Kb7'PiwP;.
weW

Since bl“lPlbl € K, this is equal to

| Eb'wh
weW,

Since W7 C K, and {w‘lbl_lw;u) € W} is the set {bl“l,bl,bz"l,bz}, we obtain
Kb['PLUKb P UKD Py UKD Py

In our analysis below, we use the decomposition P, = N'My Ax Nk, where
N’ is the subgroup of *N with underdiagonal entries from 7R, Ax = AN K,
Nig = NN K and Mg = M N K is the maximal compact of

M = {diag(1,m,1);m € SO(J3)}.
To describe the four double cosets, we introduce:
Case oF Kb7'P,:  Since by Piby C K, we have Kby' Py = Kb

Case or Kby Py:  Since blN’bf1 C K and Mg Ag commutes with by, we have
Kb Py = Kb Ng.

The set of elements n € Ng with entries above the diagonal from #wR is a
normal subgroup of Nx of elements satisfying blnbl_1 € K. Since the quotient
of Ng by this subgroup is N1, we have Kby Ng = Kby Nj.

Case OF Kby 'Py:  Since by 'N'by C K, we have Kby ' Py = Kby ' My Nk.

Let Wy be the subgroup of two elements {1, (13)}, where (13) is represented
by the matrix we = antidiag(l, —1,1), and put P, = Mg N bgMsz"l. Using
the Iwahori decomposition Mg = P,W,P,, our set is Kby 1 p,W,yPyNg. Since
b;1Pyby € K, this is Kby 'W2PyNg. But Wy = {1,wz} and wab; 'wa = ba, so
this double coset is

Kby 1Py Ny U Kby 'wy PN = Kby ' N U Kby Py N

SuBcaSE OF Kb;!Ng: If n € Ng is such that b, 'nby € K, then n =
n(z1,1z2,Z3,24), where 21,22,24 € R and x3 € wR. The set of such elements is
a normal subgroup of Nk. Since the quotient of Nx by this subgroup is N3, we
obtain

Kby 'Ng = Kb;'N.
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SUBCASE OF KbyP,Ng: To simplify the notations, write m € GL(3) for
diag(1,m, 1) € GL(5). Then P, = U’'AyU, where we put

1 0 0 1 —y —%yQ
U = -z 1 0 |;zenRy, U= 0 1 y i YyER
—1z2 1 0 0 1

2

Since bU’'by 1 ¢ K and A, commutes with bs, the coset Kby Po Nk is equal to
KbyU' AgUNg = KbyUNg.

Note that UNg = Ny N K. Finally, any n € Ny such that bgnbgl € K, is of the
form n = n(z1,z2,23,%4), where 3,23 € R and 21,24 € wR. The set of such
elements is a subgroup of Ny(R), and N, is the set of representatives of its left
cosets in Ng(R). Thus Kby PyNg = Kby Ns.

CASE OF KbyP;: Decomposing P, and using ng’b{1 C K and bQAKbgl =
Ak C K, we obtain

Kby P = KbQNIAKMKNK = KbQMKNK.
Applying the Iwahori decomposition to Mg, (Wy = {1,w.}), this is
Kby PoWoPaNyg = Kbg PaoNi U Kby Pywa PNy .

The double coset Kby PoNg has already been considered. We are left with the
double coset szPg’szzNK.
Since P, = U’ AyU and woU’' Aywy C P, we have

Powy Py = PowoU’ AU = Pyw,U.
Furthermore, since U’ Agby 1 ¢ K, the double coset Kb, Powy Py Nk is equal to
Kby PywyUNg = KbyU' AsUweU Nk = KbyUwaU Nk
Since wy 'bowy = by ' this is equal to
Kbywawy 'UwUNg = Kby 'U UNk,
where

0 0
U, = -y 1 0 ;yE]F
y 1
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According to the Iwasawa decomposition, any element n € U; can be written as
n = u1Swoly, where u; € U, and s, the diagonal matrix, can be commuted across
by . Since wy 'b; 'wa = by, we have

Kb;'UUNg = KbyU Nk,

obtaining again a coset which has already been considered. |

I.5. The K-orbits of S

Under the action of K, the sphere S = {z € V;Q(z,z) = 1} can be decomposed
as a union of open and closed K-orbits. The following Proposition is the special
case of a more general statement (see [MS, Prop. 3.9]).

PRrROPOSITION 1.7: Set d, = diag(n",1,1,1,w~"). Each K-orbit of S is of the
form Kd,vy, r > 0. The element *(z1,22,73,74,75) € S belongs to the K-orbit
of d,.vy if and only if

| 2| = max{|z:1],|x2], |z3], |x4l, |25]} is equal to q".

Proof: Consider the set Kd,v,. Ifk; is the ith column of k € K, then kd,v{ Is
equal to %kl 7" + ks~ ". When k ranges over all elements of K, this sum ranges
over all elements *(x1, T2, 23,24,25) € S such that max{|z1|,|zal, |z3|, |z4], |Z5|}
= ¢", since the max absolute value of the entries of k; is 1. [ |

Let ¢, be the characteristic function of the K-orbit of d,v; in S. Normal-

ize the additive measure dz on F' and the multiplicative measure d*x on F*
(d*z = (1 —-1/q)"Yz|~1dz), so that

/d.’l?:l and / dx;‘[;:(l—l/q)_l/ ﬁzl
R z]=1 =1 1Z]

Normalize the measure on K so that its volume is 1. We need the following
result.

ProprosITION 1.8: The volume A, of the K-orbit of d.vy in S is given by

(5) A=A Fq Ao, if r>1,

“_»

where the sign Is in the split case and “+” in the non-split case.

Proof: Suppose r > 1. Let f; be the characteristic function of K5 K in G.
Since the measure ds on S is invariant under the action of G, we have

(6) /G /5 br(g5)ds f1(g)dg = /G f1(9)dg [S br(s)ds.
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Using Proposition 1.6, and that #N; = ¢*~%, the right hand side of (6) is
equal to

) (@®+d* +q+1)A,.

In the left hand side of (6), we change the order of integration. It is

/Ir(s)ds, where I.(s) :/ or(98) f1(9)dg.
s G

Note that I.(ks) = I,(s) for any k € K. Thus it is constant on the K orbits in S.
In particular, if s is in the K-orbit of d;v1, we have I,.(s) = I.(d;v1). We obtain

(8) / I(s)ds = Y _ Al (divn).
S i=0
Using Proposition 1.6, the value of I,.(d;v1) is

[ ertatonriarig= Y [ ertetindeonde+ 5 [ o (kbandion)a

n€Ny neN,
+ Z / ¢T(kb;1nd1v1)dk’+/ ¢r(kbf1dzv1)dlc
neN; VK K

Since ¢, is left K-invariant, the expression above is equal to

(9) Z ¢ (bind;v1) + Z dr(bond;vy) + Z ¢T(b2_1ndivl) +¢r(b1—1div1).

neEN n€EN; ne&N3

We consider the contribution to (8) from each sum of (9). In each case we
distinguish between r > 1 and » = 0. In some cases we consider the case r = 1
separately.

Case 1:  Consider the contribution to (8) from the first sum in (9). In this case
n € N7 and the element bind;vy, in the split case, is equal to

—1

e 0 00 O 1 —z3 —x9 —x1 2 %‘n‘
0 1 00 O 0 1 0 0 = 0
0 010 O 0 0 1 0 =z 0
0O 0 0 1 O 0 0 0 1 z3 0
0 000 =« 0 0 0 0 1 t

In the non-split case the last vector column is

t(207,0,0,1,w~%).
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These elements are equal to {(split/non-split cases respectively)
(10) Y12 4 2w gy o™ waw Tt Y,

(11) t20m ! — Tt 4 2w O T maw 1 2w w ).

Depending on n, these elements belong to different K-orbits of S.

Let r > 2. Put n{z1,22,23) = n{z1,z3,73,0). We decompose the group Ny
into a disjoint union as follows.

(i) Let n = n(0,0,0) be the identity matrix. Then bind;v; = bid;v1 = d;—jv1.
Hence ¢,(bynd;v1) =0 unless ¢ — 1 = r (or ¢ = r + 1). The contribution to (8) of
this case is Apy1.

(i1) Let n = n(x1,z2,x3) be a non-identity matrix with z = 0. We claim that
there are (q? — 1) such matrices. Indeed z = 0 implies 22123 + 2% = 0. The latter
equation has g(g — 1) solutions with z3 # 0 (z2 arbitrary) and ¢ — 1 solutions
with zo = z3 = 0, ;7 # 0. Since z = 0, but n is non-identity, the element
bind;v; belongs to the K-orbit of d;vy. Hence ¢,.(bind;v;) = 0 unless i = r. The
contribution to (8) of this case is (g2 — 1)A,..

(iii) The remaining matrices n = n(x,,z2,23) have z # 0. Since the order of
Ny is @3, there are ¢® — ¢? such matrices. The element b nd;v; is in the K-orbit of
diy1v; (since z # 0). The function ¢,(bind;v,) isQunlessi+1 =7 (or i =r7—1).
Thus, the contribution to (8) of this case is (¢ —¢%)A,_;. The contribution from
the cases (i), (ii) and (iii) is (when r > 2)

(12) ((13 - q2)A7‘—1 + (q2 - l)AT +Arya,

Let » = 1. The only contributions to (8) occur when i = 0,1,2. If i = 2,
the element bynd2vy (see (10)) is in the K-orbit of djv; precisely when n is the
identity matrix. The contribution to (8) is Ay. If i = 1, the element bynd;v; is in
the K-orbit of d;v; when z = 0 and n is a non-identity matrix. As we have seen
above, the equation z = 0 has ¢® — 1 solutions. The contribution is (g2 — 1)A;.
If i = 0 the element bjnv; is

(13)  Y(1/24+ z)7m7 Y 2, 20, 23, ), t(7r“1(20—:z1+z),z1,x2,x3,91r)

(split/non-split cases, respectively) is in the K-orbit of dyv; when z + % # 0 or
20 — x1 + z # 0. The equation z + % = 0 is equivalent to 2z123 + 22 = 1, which
has ¢? +¢ solutions. Indeed, there are q(q—1) solutions with z3 # 0, z4 arbitrary,
and 2q solutions with z3 = 0, x2 = +1, z; arbitrary.

The equation 26 — zy + 2z = 0 (where 2 = —=x123 — 22/2) is equivalent to
2x1(1 + x3) + 23 = 46, which has ¢*> — ¢ solutions. Indeed, there are q(q — 1)



48 D. ZINOVIEV Isr. J. Math.

solutions with x; # 0, z9 arbitrary, and no solutions with z; = 0, since 46 is a
non-square.

Hence, this case contributes (¢ — q% — g¢)Ag. So, when r = 1, we have

(14) (@® = ¢ F QAo + (¢° — A1 + Ao,

w_m

where the is in the split case and “+” in the non-split case.

Let r = 0. We distinguish between two cases:

(i) Let n be the identity matrix, i.e. 3 = 22 = 23 = 0, and z = 0. The
element byd;v, (see (10)) is in the K-orbit of d;_jv;. We have ¢g(d;—1v1) = 0
unless 2 = 1. This contributes (in both split and non-split cases) A; to (8).

(ii) Let n be a non-identity matrix. Since z, 2, T3 are not all zeroes, (10)
is the K-orbit of d_;v;. Hence ¢g(d_;v1) = 0 unless i = 0. Thus only ¢ = 0
contributes. This contribution occurs when byny; € Kv,. This happens (see
(13)) when 1/2+ z = 0, in the split case, or 260 — z1 + 2z = 0 in the non-split case.
The first equation has g2 + g solutions, the second one ¢ —¢. Their contribution
to {8) is g(q £ 1)Ao.

Thus Case 1, with 7 = 0, contributes to (8) the quantity (¢*> £ ¢)A¢ + A;.

Case 2: Consider the contribution to (8) from the second sum of (9). For
n € N3, the element bynd;vy, in the split case is equal to

1 0 0 0 O 10 0 -z O %ﬂ'i
0«71 0 0 0 0 1 -z -3z = 0
0 0 100 00 1 x4 0 0
0 0 0w 0 00 0 10 0
0 0 0 0 1 00 0 1 L

jm

zlﬂ_—(iﬂ)
= 0 ,
0
7r—i

and in the non-split case, replacing (7%/2,0,0,0, 7% with (20=% 0,0,1,7%),
we obtain
(207 -y, w7 (@™ — 135), 24, W, ).
For r > 1 in the split case and 7 > 2 in the non-split case, we have
(i) If z; = 0, the element band;v; belongs to the K-orbit of d;v;. Since x4 can
be arbitrary, the contribution to (8) is gA,.
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(if) If z; # O (there are g> — g such matrices), the element bynd;v; belongs to
the K-orbit of d;11v,. We have ¢,(diy1) =Ounlessi+1 =17 (ori =7 —1).
Their contribution is (g% — q)A,_1.

Consider the non-split case with 7 = 1. The contribution occurs when i = 0, 1.
If ¢ = 1, we have that z; = 0 and z4 can be arbitrary. If i = 0, we have
a contribution when z1 — 12 # 0, which has ¢ — ¢ solutions. The resulting
contribution is the same as in case r > 2.

Thus, the contribution from this case (for 7 > 1) to (8) is (same in both
split/non-split cases)

(15) (@ = Q) Ar—1 + g,

Now let r = 0. First, consider the split case. If 1 # 0, the element bynd;v; lies
in the K-orbit of d;1v;. Hence there are no positive ¢ for which bsnd;v; belongs
to the K-orbit of v; = dyw;. If 1 = 0 then bynd;v; is in the K-orbit of d;u;. We
have ¢o(d;v1) = 0 unless ¢ = 0. Since z; is arbitrary, this case contributes gAg
to (8).

In the non-split case, the only contribution occurs when i = 0 and z; — %xi =0.
This case contributes gAg to (8).

CASE 3:  Consider the contribution to (8) from the third sum of (9). For n € N3,
the element bz‘lndivl is

0

10 0 0 1 —z3 0 0 O im im
0w 0 0 0 0 1 00 0 0 0
001 0 0 0 0 10 0 0 |= 0
00 0 n=t 0 0 0 0 1 x5 0 Y G
000 0 1 0 0 0 0 1 =t rt

in the split case, and in the non-split case it is
(201ri, 0,0, 7 (1 + 237, 7r"i) .

Consider » > 1. If z3 = 0 the element bynd;v; lies in the K-orbit of d;vy;
otherwise it is in the K-orbit of d;;;v;. Thus, the only contribution to (8) occurs
when 7 = r or 4 = r — 1. Since N3 has ¢ elements, this contribution (for both
split and non-split cases) is

(16) (g—1Ar—1 + A,

If r = 0, the only contribution, Ag, to (8), occurs when 7 = 0 and z3 = 0 or
z3 + 1 = 0 in the split and non-split cases respectively.
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CASE 4: The eleinent b7 'd;v; is in the K-orbit of d;y1v;. When r > 1, it
contributes the term A,_; to (8). There is no contribution when r = 0.

In all expressions below, the upper sign corresponds to the split case and the
lower to a non-split case.

Summing up, when r > 2, the sum (8) is equal to the sum of (12}, (15), (16)
and A,_1:

BAr_ 1+ (P + QA+ Appr.

In all expressions below, the upper sign corresponds to the split case and the
lower to a non-split case. When r = 0, the sum (8) is equal to

(q2 + Q)Ao + A1 +gAho+ Ay = (q2 + 2q + 1)A0 + A,
When r = 1, using (14) instead of (12), this sum is
(@ F g)ho + (¢ + QA + As.

Hence, we obtained the left hand sides of the equation (6), for r > 2, r = 0 and
r = 1. Using (7), when r = 0,1, we have

(@® F Ao+ (@ + A + A2 =(¢® + @ + g+ 1A,
(@ +q+q+1)Ag+ A1 =(¢° + ¢* + g+ 1)A,.

The equations imply that
A =(FPho=(1Fg Ao, and Az =¢(LF ¢ )0
For r > 2, we have
Chro + (P + QM + A = (@ + P+ g+ DA,
namely A, 11 — A, = @3(A, — Ar_y), or
Arp1=(1+P)A, — @Ay

The proposition follows by induction. [ |
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I1. Correspondence of spherical functions

II.1. Satake transform on the Hecke algebra of G

Let m# = Ig(¢,{’) be the unramified representation of G normalizedly induced
from the character |ay|¢|ag|¢ of B. Define the Satake transform fV of a spherical
function f on G (i.e. f € C(G) and it is K-biinvariant), by fV(r) = tr «(f).
Then

w(f)po = Y (7)o,
where ¢ is the unique — up to a scalar multiple — K-fixed vector in the space

of 16(¢,¢"). We fix ¢o by ¢o(1) = 1.
Set m¢ = Ig(¢,1/2 + (). We shall show in Proposition 2.2 below that there
exists a unique K-invariant function T¢ on the sphere S, such that T¢(1) # 0 and

(17) /G F(@)Te(gs)dg = £ (m)Te(s).

Applying (17) with s = 1, the Satake transform of any spherical function f on G
is given on the ¢ by

(18) Y (me) = /S b5(5)Te(5)Te (1)1 ds.

Since T¢ is K-invariant, it will be defined by its values on the K-orbits of S,
which are of the form Kd,v;, where d, = diag{n",1,1,1,7~") and r > 0. Set
T, ¢ = T¢(dyv1), 7 > 0. These numbers are computed in Proposition 2.2.

Put ®, = >.._, ¢, where ¢; is the characteristic function of the K-orbit of
d;v1. Then, the function @, is the characteristic function of a subset of S defined
by

{*(z1, 22,23,24,75) € S; |2;] < q",1 <i <5}
The main goal of this subsection is to compute the integral [¢ ®,(s)T¢(s)ds,
r>1.

To compute the numbers 7. ¢, we need the following result. Recall that f; is the
characteristic function of the double coset Kby K, where by is diag(w™},1,1,1, 7).

PROPOSITION 2.1: The Satake transform fY (n) at m = Ig((,(’) of fy is
R ) =@+ +¢¢ +079).
Proof: We follow [FM], Section F. Any ¢ € I((, (') satisfies

(19) $(nak) = 6p(a)"*1(a) ||z (a)|* $(k),
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where a = diag(o, 3,1,87!,a7!), and a7 and ay are the simple roots of G =
SO(5), defined by a1(a) = a/8 and ay(a) = 5. We have

((H)P)(h) = /G £(a)é(hg)dg.

Using the measure decomposition dg = §g(a)~*dndadk and (19), this is equal to

[ [ [ 50 makiss@ e @) las @) ok dndad
NO Ao K
Put
Fy(a) =5B(a)”1/2/ f(k~Yank)dndk.
K JN,

Then
(¢, ¢ f) = / Fy(a)|af~" I8¢ da.

Ag

When f is K-biinvariant,
Fi(a) = ép(a)™/? flan)dn.
No

According to Proposition 1.6, the double coset Kb; K is the disjoint union
Kby Ny U Kby Ny U Kby "Ny U Kbl

It follows that the integral Fy (a) vanishes unless a is in the K-double cosets
of b1, ba, by or by'. Further, dg(b1) = ¢°, dp(b2) = g, 65(b7") = ¢! and
6p(bT!) = ¢~3. Hence

Ff1 (bl) = q-3/2q3 = q3/2a Ff1 (b2) = q—_l/2q2 = q3/2a

Fr(b;') =q"q=¢"? Fr(b7") =¢**1=¢">
Evaluating the characters oy, ag at by, bo, by ! and bl’l, we obtain

/ Fr(a)aB™ Y6186 da = ¢®/*(¢¢ + ¢¢ ¢ + 5 +¢76).

Ao
Since fY(n) = tr Ig{¢,¢’; f1), the proposition follows. |
We use Proposition 2.1 to prove the following:

PROPOSITION 2.2: The equation (17) has a unique solution satisfying To ¢ = 1,
and (for r > 1) we have

@05t g

Tre = -
eef¢,—¢} (q£ - q—f)(q% F q-ﬂa)
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where the “+” sign occurs in the split case and “—” in the non-split case.

Proof: By Proposition 2.1, the equation (17), with s = d,vg and f = f1, becomes

(20) /Gfl (9)Tc(gdrvo)dg = ¢*/*(¢° + ¢"/* + ¢V + ¢ )T
Since fi is the characteristic function of the double coset
Kb K = KbyN; U Kby N, U Kby ' N3 U Kby,

and the function 7 is invariant under K, whose volume is 1, the left hand side
of (20) equals

21) Y Te(bindovs) + Y Te(bandevn) + Y Te(by 'ndpvn) + Te (b7 dyvn).-
neNy neEN, neNs
We will compute each of the sums.
To simplify the notations (in the proof of this proposition), we write 7" for T
and T for T, . For more details see Proposition 1.8.

Case 1:  Consider the first term of (21). Put n{x, z2,23) = n{zy, 29, z3,0).
Let » > 1. In the split case byn{zy, x2, z3)d,v; is equal to

Ha™ 2+ 2n™ D) g™ gom " ggm T, wTT).
In the non-split case byn{zy, z2, x3)d,v; is equal to
t20r ! — oy 42w Y T o L+ .

Consider the following cases:

(i) Let n = n(0,0,0) be the identity matrix. Then bind,v1 = bid,v1 = d._191
and T(bynd,v1) = T(dr_1v1) = T4

(ii) Let n = n(z1,z2,z3) be a non-identity matrix with z = 0. In Proposition
1.8, we showed that there are (g% —1) such matrices. The element b nd,v; belongs
to the K-orbit of d,v;. Hence, T(hind,v1) = T{d,v1) = T,.

(iii) The remaining ¢° — ¢* matrices n = n(z1, 2, z3) have z # 0. The element
bind,v; is in the K-orbit of d,jv1. Thus, T(bhind,v1) = T(drr1v1) = Tria-

We conclude that for » > 1, we have

(22) > Thndevr) = (¢° = ) Trsr + (¢ = VT + Ty

neNy
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Let r = 0 (dp = 1). The element byn{x,z2,23)v; is equal to
t(ﬂ_1(1/2+z),x1,m2,x3,ﬂ) or t("r_l(?‘e—xl +Z),$1,.’132,1+(B3,7r),

in the split/non-split cases, respectively. These elements are in the K-orbit of
dyvy if % + 2 #0or 20 — 21 + 2z # 0. Otherwise, they are in the K orbit of v;.

The equation % + z = 0 has ¢® + ¢ solutions, and 20 — z; + z = 0 has ¢* — q
solutions. Thus

(23) > T(binoy) = (¢® - FTu + (¢ £ 9)To.
neNy

Case 2: Consider the second term of (21). The element ben(z1,0,0,z4)v; is
equal to

Y™ /2, 2w 0,0,777)  or  H20nT —xy, m Nayw T —22/2), 24,7, wT)

in the split and non-split cases, respectively.
Let r > 0 in the split cases or » > 1 in a non-split case. We have:

(i) If n = n(0,0,0,24) € N, the element bynd,v; is in the K-orbit of d,v;.
Thus, T(bynd,v1) = T(d,v1) = T

(ii) If n = n(21,0,0,z4) € Ny has x1 # 0, the element bynd,v; is in the K-orbit
of d,y1v; and T(bynd,v1) = T{drr1v1) = Trt1-

Since there are g matrices in (i) and ¢ — g in (ii) (for r > 0), we have

(24) > T(bandevs) = (¢° — Q) Trg1 + T
neN-,

Let r = 0. The element bynv; is in the K-orbit of divy if 21 — 325 # 0 (¢* — ¢
cases), otherwise it is in the K-orbit of v1. The contribution is the same as (24).

Cast 3:  Consider the third term of (21).
Let 7 > 0. The element b; 'n(0,0,z3,0)v; is equal to

Yx7/2,0,0,zs7~ "D 27Ty or  (20w7,0,0, 7 (1 4 z3w )W)

in the split and non-split cases, respectively. This element belongs to the K-orbit
of d, vy if n is the identity matrix, and is in the K-orbit of d,1v; in the remaining
g — 1 cases. So (for r > 0) we have

(25) > T ndrvr) = (g — DTrp1 + T
nEN3z
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CASE 4: Since by 'd, = d,1; (r > 0), the last summand of (21) is
(26) T(bl—ldrvl) = T,-+1.

Adding (22), (24), (25) and (26) we obtain that (when r > 1) the sum (21) is
equal to
q3Tr+l + (q2 + q)Tr + Tr-—l-

When r = 0, adding (23), (24), (25) and (26) (used with r = 0), the sum (21) is
@ FOTL+(@* +g£q+1)To,

where the upper sign occurs in the split case and the lower in the non-split
case. Both expressions should be equal to the right hand side of (20). Thus, we
obtained two difference equations

Pl + (@ + QT + T = ¢3¢ + 9% + 7% + ¢~ )T,
and
(@ FOT + (P +atq+ Do =ad (@ +d +¢ + 79T,
The first one can be simplified to
(27) ¢Tr1 — ¢ (¢ + ¢ )T, + Toy = 0.
In the second one we assume Ty = 1. Then

_ e Fe-1
¢ Fq

(28) Ty
The general solution of (27) is given by
T, = c1A] + 223,
where Ay and Ay are the two roots of the quadratic equation
(29) PN -t (g +q A +1=0,
and c;, ¢o are chosen to satisfy two initial conditions:
(30) l=c1+cs and T; =ci) +ca)s.
The solutions of (29) are A\; = ¢~#+¢, Ay = ¢~ and those of (30) are

_hi-d (@ -1)(1Fe)
N O I CEE T R

_M-T - (@ -)AFgE)
M=de s (g Fgh)

C1

C2
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The proposition follows. |
The main result of this subsection is:

PROPOSITION 2.3: Set X = ¢%. Then

TXr+1 X—(r+1) 1y X X
fL oo = [“ —xoxo T )_X—T}

w_»

where the sign is in the split case and the “+” in the non-split case.

Proof: We have

(31) / D,.(s)T(s)ds = / Zd)k s)ds = ZTkAk

Recall that Ty = 1 and assume that Ag = 1. In the computations below, the
upper sign occurs in the split case and the lower in the non-split case. Using
Propositions 1.4 and 2.2, we have that, the sum (31) is equal to

PX _1)(1Fg X1 & 1x-1- “1x) &
14 (X -1(1Fg> )quka_(q X DA Fg X)Zq%kx—k‘

qi(x X1 k=1 %(X X~ ) k=1
Using the summation formula for geometric series, and then simplifying the result

we obtain the formula claimed in the proposition. ]

I1.2. The group H

Recall that H = PGL(2, F), and 7} = Ip y,(¢,—() denotes the representation
of H, induced from the character diag(a,1)n — |a|*xo(a) of B/, where xq is 1 or
the unramified character of F'*, whose square is 1. We denote the elements of
PGL(2, F) by their representatives in GL(2, F). The Bruhat decomposition of
His H=B UN'wB', B’ = N'A’, where A’ = {diag(a,1);a € F*},

N’={n(x):((1) f);zeF}, wz(_ol é)

The character 9’ of N’ is defined by ¥y (n(z)) = ¥(z).

Let W be the normalized unramified Whittaker function in the space of rep-
resentation 7. It satisfies We(e) = 1, We(ngk) = ¢ (n)We(g) (n' € N,
k € K' = PGL(2, R), the standard maximal compact subgroup of H), and for
any f' € C*(K'\H/K'), also

J (T We(h) = /H 7 (@)We(ha)ds
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In particular, when h = e we have

(32) P = [ 1 awe)ds

Since dg = |a|~'dndadk, where a = diag(w, 1), |a| = |a| and da = d* «, we obtain

f’v(w’c):/Hf'(nak)WC(nak)]a]_ldndadk

- / §'(na)w: (n)dnWe (a)al ~da = / & (@)W, (a)|a| " da,
’ N/ AI

where
¢7(g) = /N f'(ng)n (n)dn.

The function ¢/, lies in the space C.(N'\H/K’ 1) of the right K’-invariant,
compactly supported modulo N’, functions ¢’ on H, which satisfy ¢'(ng) =
P (n)@ (). For any integer r > 0, define ¢/ by

4 a 0 (1, iflal=¢",
" 01 — 10, otherwise.
PROPOSITION 2.4:

(1) The set {¢];r > 0} is a basis of C.(N'\H/K',{)n+).
(2) For any ¢’ € C.(N'\H/K' ¢n+), we have ¢'(diag(cr,1)) =0 if |o] > 1.
(3) As in Proposition 2.3, put X = ¢°. Then
X+l _ X—(r+1)
/A, ¢,(a)W¢(a)|a| " da = (‘UT(I%T—X_—X*_T—

Proof: (1) This is clear.
(2) Indeed, choosing n € F* such that |n| = |a|, we have

s (5 9))=o((5 1) (5 1))
(5 1))

This is ¢'{diag(e, 1)), since ¢’ is right K’ invariant. But 15+ has conductor R,
hence ¥y (n) # 1 for some n, and our claim follows.

(3) This follows from the definition of ¢/ and Shintani’s explicit formula [Sh]
for the Whittaker function (cf. [F], p. 305) of I'x y, (¢, —¢), which asserts that

a0 , #err+l_X—(r+1)
WC(( 0 1))2(_1)‘72'_)(——)(-—1—_' '
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11.3. The correspondence

Put m¢ = I(¢,1/2+ () and 7 = Inx, (¢, —¢). Following [FM], we say that
f € C(K\G/K) and f' € C(K'\H/K") are corresponding if f¥(n¢) = fV(r}).
By (18) and (32), an equivalent definition is given by

[ 4s6)Tc(6)s = [ g @@l do.

Definition: Define a map F : C®(K\S) — C.(N'\H/K', ') by F($) = ¢' if

/ o(5)Te (s)ds = / & (@We(a)la]~da,
S Al

where T is the K-invariant function on S, defined in I1.1 and Proposition 2.2,
and W; is the unramified normalized Whittaker function defined in Section 1I.2.

PRrOPOSITION 2.5: The map F is well defined and induces a linear bijection be-
tween the spaces C2°(K\S) and C.(N'\H/K',yn-), given by the correspondence
(r=0)

F(@p) = (=1)"q" (¢ £ ¢, 1),

where the “+” sign occurs in the split case and the “-”

sign in the non-split
case.

Proof: This follows from Propositions 2.3 and 2.4. ]

CoROLLARY: If f and f’ are corresponding spherical functions, then F(¢5) =
b

II1. The Fourier coefficients of orbital integrals

II1.1. The Fourier coefficients of orbital integrals on H

As usual, F is a p-adic field, and x is a complex valued character of F* with
conductor m, m > 0. Thus if m > 1, this character is trivial on 1 + #™R and is
non-trivial on 1+ a™ 1R, If m = 0 then Y is trivial on R* and is non-trivial on
1+ 7~ IR, and we say that x is unramified. Recall that {¢];r > 0} is the basis
of C.(N'\H/K',%n), and for any ¢’ € Cc(N'"\H/K',¢n'), we defined

(33) ¥'(a,¢) =/Fx ¢’ (( _01 (1) ) ( (1) ‘1’ ) ( 8 ? )) xo(a)d¥a.
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Definition: For any r > 0, set
(34 .00 = [ G.ap@x@lal¥ (@ ¢)d"

PROPOSITION 3.1: Let x be a multiplicative character of F*. If x is unramified,
define ¢ and X by X = |m|=¢ = x(m)~!. Then

[ epp@x@laly (0™, (<177 (6 & ¢ )
is equal to 0 if x is ramified, and is equal to
X T4qXT
if x is unramified.

This proposition follows from the following Proposition:

PROPOSITION 3.2: The integral

0 = [ O.apx@e¥ (@ ¢

is equal to ,

Lltgx _L 2¢*X(1FX)
35 —1)"(gX)™" +(F) T e
(35) (=1)(eX) 1F¢X &) (g- (1 FqX)

in the split and the non-split cases, respectively, if x Is unramified, and to

A1) g™, x),  where (i, x) = / Pa)x(@)d<z,

|zl=q™
if x is ramified with conductor m.
Let us show how Proposition 3.1 follows from Proposition 3.2:

Proof of Proposition 3.1:  If x is ramified, the result is obvious. If x is unramified,
using the result of Proposition 3.2, we have that

(~1)7q"(F,00 £ 1 ()
is equal to (in the split/non-split cases)

P lEgX F (X £(gX)?)  1-(gX)*_ - -
X" = X T=X"T"4gX!".
1¥gX 1F¢X 4 .

To prove Proposition 3.2, we need the following self-contained Lemmas:



60 D. ZINOVIEV Isr. J. Math.

LeMMA 3.3: Let 3 be a character of F with conductor R and xy an unramified
character of F*, where F is p-adic field. Set |w| = ¢! and x(7)~! = X. Then
for any x € F*, we have

0, if ¢* > g*laz| ™,
@) [ laPplasix(@da={ ~(g- )XY, i ¢ = qlal
lal=q (@®X)Fk, if ¢ <|zl7l.

Proof: Recalling that d*a = (1 — 1/g)~!|a|~'de, and that if |a| = ¢* then
x{a) = X*, we obtain

-1
/ |a|3w<ax>x<a>dxa=(1—1) #x¢ [ plamaa
|o]=q* q ||=g*

Put 8 = az. The latter integral is

1 -1
1—=| ¢ XFz|™ dg.
( q) 2 X* o] /m:qmﬁ[’(ﬂ)ﬁ

0, if 1>2,
/ Y(B)dB =4 -1, if 1=1,
|61=d' (1-1/g)¢, if 1<0.

Recall that

The lemma follows from this if we note that if [ = 1, i.e. ¢*|z| = g, then
2% yki—1 _ L/ 3wk
X 2|7 = (" X)".
q
The other cases are obvious. |

LEMMA 3.4: The same notations as in Lemma 3.3, but let x be a ramified
character with conductor m, m > 1. Then

RGN

is equal to 0 unless k = m, in which case we denote it by 7(1, x).

Proof: We will consider two cases: k > m and k < m.

Case 1:  Consider the case k > m. In this case, there exists an element y € F'X,
such that |y| > 1, 1+ yz~' € 1+ 7™R and 9(y) # 1. For such y, we have

x(I+y/z)=1, |z+y|l=]|z|
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The change of variables x — = + y gives

[ e = [ v e sy

|2|=q*

o [ e

This is 0 since ¥(y) # 1.

CASE 2:  Consider the case £ < m. In this case, take an element y € 1 + ™R

(thus ¥(y) = 1, lzy| = |z|) such that x(y) # L. Set ¢ =y — 1. Since |z¢/| < 1,
we have

P(ay) = ¥(z +2y’) = P(zy)(z) = P(2).

The change of variables z — zy gives

/m:qk Pla)x(z)d” s = /M:qk p(ay)x(ay)d”e = x(y)/ Y(z)x(z)d" 2.

|z]=q*

This is 0, since x{y) # 1. The lemma follows. |

Proof of Proposition 3.2: The integral \Tl’r(x) is given by the integral

o b L5 DGG)
(8,0)x(@)u(aNb(@)lold" ad "o,

where ¢(a) = xo(a) in the split case and is 1 in the non-split case. By matrix
multiplication

(38) ((1)&;1)“(1)):(82)(;a*lla—1>.

We will consider two cases.

CASE 1:  Assume that a7 1a™!| < 1 or |a| > |a|~!. Using (37) and the property
of ¢,

(50 2))#((”10&);(8 D)
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0 1 )), which is 0 unless |a|™! = ¢~ or
la| = q". Hence, the integral (37) is equal to

a)d*a 0, a)x(a)y(a)|la|ldXa
/,a,zq, (@) /qu-r( x(@)p(e)lol

In PGL(2) this is equal to ¢, (( ¢

(39)
=@ Y [ @@l

{>—-r

If x is unramified, we apply Lemma 3.3 with |a| instead of |a|® and z = 1:

0, it 1>2,
@ [ xew@leddta={ -X(-1/97, if1=1,
fal=g! (¢X), if 1 < 0.

Futhermore, in the split case (§,a) = 1, and in the non-split case (8, a) = (—1)!
if |a| = ¢'. So the sum (39) is equal to

] aX
(FD)™ Y (FaX)' + (F1) 1=

-1
(41) == 1
—1)"(gX)™" + (F1)"lgX X
1Fq¢X g—1

If x is ramified with conductor m, then according to Lemma 3.4, the integral
(39) is equal to

Caram [ i) = (17q" )

CASE 2: In this case, |a| < |a]™!. Note that

()G )G =)

In PGL(2), we have

0 1 -a 0 (0 —a
—a —a! 0 —-a/) \ax 1
Hence,

(500G )((72)
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The integral (37) reduces to

Lo (5 )) da)o.0)x(@p(@lold*ada.

This integral does not vanish precisely when |aa?| = ¢~". Thus, it is
(42) / / t(a)(8, @) x{a)¥(a)|a|d” ad* a.
leel<|a]=* J]a|=q="|c| =2

Set |a|] = ¢* and |a] = ¢°. The above integral is taken over the set | < —s,
s + 21 = —r. Equivalently, this set is defined by [ > —r, s = —r — 2{. Applying
(40) to (42), the integral is a finite sum (split/non-split cases, respectively)

0
i Y [ anam@ladta= 1 Y (e + 1y
1>—r v lo=¢' t=1-r -
if ¥ is unramified, and to (—1)"¢™7 (¢, x) if x is ramified. Using the summation
formula for geometric series, the unramified case is

(EgX)™" -1 29X (F)(FeX) T FeX -1 9X
[ S 1\ = r=i 27
1) (£¢X)"1 -1 +(F1) g—1 1FgX +(F1) q—1

Combining this expression with (41), we obtain the final result (for the unramified
case)
(=1)"(eX) "+ (F1)"1eX n )M T (FY) X 20X
1FqX 1FgX g-1
Once simplified, it completes the proof of the Proposition 3.2. |

I11.2. The Fourier coefficients of orbital integrals on G

Recall that for any ¢ € C°(K\S) and a, = diag(a,1,1,1,a1), we defined
W d) = [ nargm)ion (n)an.

For any ¢ € C.(K\S), the Fourier transform \’I\ld,(x) of ¥U(q, ¢) is given by

T400 = [ W ox()da.

Recall that @, = E::() ¢;, where ¢; is the characteristic function of the K-orbit
of d;vy. In this section we compute

U.(x) = Vs, (x),

where x is the same character as in Section II.
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PRroOPOSITION 3.5: In the split case, the Fourier transform @T(X) of ¥(a, ®,) is
equal to
le—'r +X—r

if the character x is unramified, and to 0 if x is ramified.
Proof: Recalling the definitions of a, n, v and vy, we have
(0, @) /// Haf2+ zfa 2y /oy ze /o, 23 /o, L)z )de deadas.

Recall that ®,.(x1, T2, 23,24, z5) is 1if |2;] < ¢" (i = 1,...,5) and is zero otherwise.
Thus, the integral ¥.,.(x) is equal to

(43) //// P(x2)dz1dzedrid* @,

over the set defined by

(a3 z Ty l ) | r |23 I = .
—_ — < — < — | < =l < —| <
’2+a‘_q’ o <q ol = G = g =T

where z = —z,z3 — 22/2. After the change of variables z; — az;, the integral

(43) is equal to

(44) ////]a|3 W{axs)dzdradesd™ a,

over the set
la(l — 23 - 2z123)| < ¢, |21 < ¢, |22| <7, |za] < ¢, 77 <|al.
Fixing x1, z2 and z3, we obtain that
¢ " <ol < q|1 - 22— 2z23|7

Changing the order of integration in (44), it is equal to

x(@)y(az2)
(45) /[mllsw /lzslsqf /IzzISq' /q"TSIaISq’Il—z%—%lzal‘l

|a|3dxada:2dx3dx1.

First, assume that y is ramified with conductor m. By Lemma 3.4

/ x(@yp(a)d= e
loj=g*
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vanishes unless k = m. Thus
. Jefxtapptamaae = el e~ )
al=q

Since, for any [, the integral of x~!(z2) over |z2| = ¢ is equal to 0, we conclude
that \ir(x) = 0 when x is ramified.

Now, let us consider the case of an unramified character y. To apply Lemma,
3.3, we need to split the domain of integration over « into two domains: defined
by condition q"/|1 — 2z173 — 22| is < 1/|aa| or > 1/|z2|. We will consider the
contributions of the integral (45) over each of these domains. There are two
cases.

CASE 1:  Let us consider the contribution to (45) from the first domain, namely
q" /11 — 2r123 — 24| < 1/|z9]. Equivalently, it is

1-2
(46) —TEAT gl >4

T2

In this case there are two subdomains.

CASE la:  The first subdomain is |zp| = ¢". Since |z;] < ¢", we have |1 — 2z 23]
< ¢*", which implies

r
— T2 =q .

1- 21,'1.’133
T2

This is equivalent to |1 — 2z173 — 23| = |z2]¢" = ¢*". Note that since r > 1, we
have |1 — 22123 — 22| = |27123 + 22|, Hence, we conclude that in the integral
(45), the integration over « is taken over |a| = ¢~ ". Applying Lemma 3.3,

/i . aPx@blam)d e = (@X)7.

The integral (45) is the product of (¢3X)~" and the volume of a subset defined
by
{lz1) < q"lw2] < @7 las| < @7, 22008 + 23] = ¢°7).
This subset is equal to the disjoint union of the following two sets:
{lz1zs| < "7 2] = 7},
{le1] = @7 |23 = 4", leal = ¢, 22125 + &3] = ¢}

(47)

The volume of the first subset is

/ / +/ / d(L‘3dl‘1 / dzo
lz1l<gm J|z3|<qm |z1|=q" J/|z3|<q" Jre|=q"
1 1
=f{1-2= 92_ = 37‘—1'
( Q> ( Q>q
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The volume of the 'second subset of (47) is the integral

2
1
/ / / dzsdzodr, = (1 - —) (1 — g)q‘g’r.
|z1l=¢" J{x2|=q" J|z3]|=q",]2z1 z3+23|=q>" q q

Multiplying the volume of (47) by (¢*X)~", the contribution of (45) from the
subcase 1a is

2
1 1\1
(48) (1-3)(2-2)5x+ (1-3) (- 2)x
q a9 q q
CAsE 1b:  The second subdomain is defined by |z} < ¢". In this case, we have

1-— 2.’1:1.'1,'3

‘1 —211311‘3 _

T2 T2

Hence, in the integral (45), the integration over « is performed over
_ q

<o < —t
@7 slals |1 — 2123

and zg satisfies {|z2] < ¢",|z2] < |1 — 2z123]¢""}. We will consider two cases:
|1 - 2z123] = ¢°" and |1 — 2z123] < ¢%"

(i) Let |1 — 2z1z3] = ¢*". Since |z;| < ¢, this implies that |z1] = |z3] = ¢".
The integration (in (45)) is taken only over a with |a| = ¢”", and over zo with
|z2] < ¢". Thus the integral (45) is

/ / / / |2 x (@)Y (axs)dX adzadrsda, .
lz1]=q" J |zs|=q" J|z2|<q" J|al=q~"

Once evaluated and simplified, it is

2 2
1 1 1\°1
(49) (1 - —) (X)) = (1 - —) -X.
q q q/ q

(ii) Let |1 — 2z123] < ¢*". Define [ by |1 — 2z,23] = ¢'. In (45), z5 is bounded
from above by |1 — 2x123]¢™" = ¢'". Since I < 27 — 1, this implies that z, < q".
The integral (45) becomes

[ L] N x(a}(azs)
|z1|<q" J|z3|<q I |z2]|<|1-2z173]|g~" Jg~ " <|a|<Lg"|1-2z1 23] 1

lod* adzadzzdz: .

Breaking it into the sum over [, it is

x(@)y(azs)
(50)15;1//IMISq',IIaISQT, -2z, z3]|=¢* /IzzISq"' /Q‘”SIaISq"‘

lo|*d* adzodz,dzs.
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Applying Lemma 3.3, the integral over a becomes a geometric series
Z;;I_r g3* X*. Substituting this into the integral over x5 in (50), we obtain

/ (@X)0 - (@X)7 AP X) e (@X)T
|ma|<gt—T q3X -1 qu -1 q3X -1

q.

Hence, the integral (50) is equal to

Z // [q(qQX)T+1 (q2X)—l _ (q4X)_qu d.’Bld.’Eg.
|lzy|<q7,|z3|<q",|1—2z z3|=¢! qu— 1 qSX_ 1

1<2r—1

Splitting off the term corresponding to I = 2r — 1, it is

1
(51) “(®X + 1)(q2X)_T// dzidzs
q Jz11<g7, w3 <q7,\|1-2x1 23| =g 1

(@) o @X)
( )+z<;2[ TN Gy )
52 r-

X // dxidzs.
Iz11<qm,|z5]<q", [1-2z1 25| =¢}

This is a contribution of (45) over the domain 1b(ii). We will not evaluate the
sum (52) any further for it will be cancelled by a similar sum obtained below.

Case 2:  Consider the contribution of (45) over the domain ¢"/|1—2x1z3— 23| >
1/|z2|. Equivalently, it is

(53) —z| < q".

1-— 2$1.’L’3
T2

Using Lemma 3.3, the integral over « in (45) can be split into two integrals: one
over the subdomain ¢~ < |a| < |zg|™! and the other one over the subdomain
|a| = qlzz]|~!. Thus the integral (45) is

6o [ [/ [ [ /|a|=q|m—1] laf*$(az)x(a)d" adordaadzs,

where z1, 3 and x3 range over the set

1-2
(55) o} < 7, las| < ¢y — 222 | < g

)

Define I by |1 — 2z,z3] = ¢!. We distinguish between the cases [ < 2r — 1 and
l=2r
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CasE 2a:  Assume that [1—-2z123] = ¢/ < ¢?", orl < 2r—1. Since |z3| < ¢", the
condition (53) cannot be satisfied for [ = 2r — 1. Hence | < 2r — 2. Furthermore,
(63) implies that |1 — 2z123]¢™" < |22| < ¢". Hence, the set (55) is

\1 - 2931£U3|

(56) lz1] < ¢, |2s| < ¢, =

<lzg| < g™

Set |z2] = ¢"*. By Lemma 3.3, we have

-7 3 3y~
[ lePuasnarta= 3 x-S - T

g-T<lal<gTt h=—r

The other integral over « in (54) is

-1
P tame)da = ~(1-2) @xgox

lol=glza| 1
1, _
=——@X(PX)T
Pt (¢°X)

Summing up the last two integrals and simplifying the result, the integration in
(54) over 3 is

4 2 3 —-r
' X(1-¢X) g (€©X)
7 s G
gt =TIz <gm 7t
This integral is equal to
r— ™ r—1
1) @' X0 - ¢X) Z 1L\ 1__ (@x)" T o
q)(@#X-1)(g-1) X #X -1 '

ry=l—r+1 ri=l—r+1

Once simplified, it is equal to

(¢*X)-"

q(¢®X) !
eX ~-1

1 3 2 - 2 -1 ]
—-(@°X + X)) X))+ .

Hence, the integral (54) is

(57) q( CX+1(EX)T ) // dzidzs

1<2r—2 [€1]<q7,x3|<q7,|1-2z173]=4}
> [——q@”f“m-z_—_w*w
$#X -1 #X -1

1<27r—2
(58) =
X // d.’Bld.’Eg.
[z1]<q7,lz3]<q7,|1- 221 T3 |=¢*
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The sums (52) and (58) cancel each other. Thus, the sum of the contributions of
Case 1b(ii) and Case 2a is obtained on adding (51) and (57). 1t is

1
“@X +D(EX)T Y // dzidzs.
q 1<2r—1 lz11<q™,|z3|<q7,|1-2z1253]|=¢"

The sum of the integrals in this expression is the integral

// dl’ld.’Eg
|z1]<q7, |23 <g",|1-2z123|<g?" !

= / dzy / dzs +/ d:ﬁ/ dz3 = ¢~ (2—1/q).
|z1|<qm~? |z3|<gq™ |z1|=q" |z3|<qm—1!

In conclusion, the contribution from Case 1b(ii) and Case 2a is

(59) S@x )@ (2 1),

q q
CASE 2b:  Now |1—2x123] = ¢*". Since |z;| < q7, this implies that |z,] = |z3] =
q". Futhermore, to satisfy (53), we must have that |z3| = ¢". Since in this case
the inequality 7" < |a| < |z2|! is equivalent to |a| = ¢~", and g|z2| ™! = ¢! 7"
the integral (54) is equal to

(60) / / / [ /|a|=q—r+ /|a|:q1~r] (P (o) x ()4 cdiry dzadzs,

where x1, 22 and x3 range over the set

3

1- 2$1I3

(61) lz1] = ¢", |22l = ¢", |23] =47, 2| < gl
T2
Since |z2| = ¢", using Lemma 3.3, we have
(62 [ eldema)te = @x)
a|=q—"

and .
X 1-—r

(63) [ fofblemaxio)ia = -

a =ql~r -

The volume of the set (61) can be computed as follows. The inequality (53) is
equivalent to

1—2x23 — 22 = 7' "tz,,  where It] < 1.
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Thus, the set (61) can be described as

1—22 gowl™"
lza] = q7, |22l = ¢, 73 = 23:12 - 2%1 t, |t < 1.

Note that |z3| = ¢" and dx3z = ¢"~'dt. The volume of (61) is

1\ 2
qr_l/ dx1/ dacQ/ dt = (1 - —) ¢ L
Je1l=q" fz2]=g" <1 q

Multiplying this by the sum of (62) and (63), the integral (60) is

jon £ (-

g—1

Hence, the contribution to (45) of Case 2b is

(64) %(1 - %)2)(-? —(g-1)Xx.

We have considered all possible cases. Finally, the answer (the integral (45))
is obtained on adding (48), (49), (59) and (64). ]

PROPOSITION 3.6: In the non-split case, the Fourier transform ‘ir(X) of ¥(e, @)
is equal to
X _ qxl-—r

if the character x is unramified, and to 0 if x is ramified.

Proof: Recalling the definitions of a, n, v and vg, we note that ¥(«, ®,.) equals

/// ®,.(200 — 11 + 2/, Ty Je, x2 /0, 1 + x5/, 1/ ) p(zq + 20x3)dzrdzodes.
F3

Hence, by definition the integral Cf’,(x) is

/ / ®,.(200 — 1 + 2/, 21/, 22/, 1 + 23]/, 1] @)
Fx JF3
¥(x1 + 20713)dT1dz2dzsX(@)d™ .

Recall that ®,.(z1, T2, T3, T4, T5) 18 1 if |2;| < ¢" (¢ = 1, ..., 5) and is zero otherwise.
Thus, the integral above becomes

////X(a)d)(rcl + 20z3)dz dzodrsd” @
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over the set defined by

z R T
200 —a1+ 2| <0, |2 2, |2
(87 (87

<q,

T
1+—3|§qra
(8]

l’Sqr,
«

where z = —z;73 — 72/2. After the change of variables z; — az; followed by
x3 — 1+ z3 we arrive at the integral

(65) //// |l (a(z; + 26(z3 — 1)) x(a)d* adzidzedrs

over the set given by

(66) lz1] < g7, |z2| < q7, |z3| <7, 77 < lal < q7[2+602] 7,
where z = —z;23 — 75/2. By Lemma 3.3
0, if ¢ > ¢z,
(67)/ lalPy(az)x(@)d“a= ¢ —(g—1)"YEX)k, if ¢F =qlz|?,
=g (P X)F, if ¢& <l|z|7t

In order to use this, we will split (66) into two subdomains: according to whether
q"/|2+ 6z| is < or > than 1/|z1 + 20(z3 — 1)|.

Case 1:  We have ¢"/|2+6z| < 1/|z1+26(z3 — 1)|. Using (67), the integration
over « in (65) is performed when ¢~" < |a| < ¢"|2 + 8z|~!. The integral (65) is
equal to

/ / / / lafPu(a(zs + 20(zs — 1))x()d* adzdzsdzs,
g~ <|a|<qm|2+02]7?

where the triple integral is taken over the set defined by
lz1] < 7, lw2| < ¢, |23l < ¢, |o1 +20(z3 —1)| < |2+ 02|¢7"

Define [ by |2 + 0z| = ¢'. The integral above can be written as

(68) > ¢ / / / /q gt |l (a(z1 +20(z5 — 1))x(e)d* adtdzydzs,

1<2r

where (for each ) z1, 3 and z3 range over the set
(69) le1l < a7 lz2| <7, wsl <7, 12402 = ¢, |1 +26(z5 — 1)] < ¢
Applying (67), we obtain

r—1
Lo bt 2002 — D)) = Y (X
¢ "< |a|<gmt

k=—r
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(@X) !~ (*X) "
PeX -1 )

Making the change of variables in (69), z; = 20(1 — z3) + 7" ~!t, where |t| < 1,
the sum (68) is equal to

(70) =

o (@X)TH — (BX)T

(71) > vol(a(D)d! P e R

i<2r

where V; (1) is the set defined by
(12)1t] <1, |z2| < q7, lxs] < ¢, 14 — 6% — 207" Has 4 (2023 — 6)? — 022 = ¢

Note that since |z3] < ¢” and |t] < 1, we have |267"~ltz3| < ¢!. We distinguish
between the following subcases.

CASE la: Assume that |2677 'tz3| = ¢’. It follows that |t| = 1 and |z3| = ¢".
This subset of (72} is given by

(73) |t =1, |z2] < ¢, [z3] =4¢, [4—92—207rr_lt:63+(20;c3—0)2—0x§| =g

Since 6 is a non-square element and |zo| < q", |(20z3 — )% — 023| = ¢*". Thus
the only ! when the set (73) is non-empty is when { = 2r. Once simplified, it is
defined by

[t] =1, |zof <47, |z3| =q", |2 Ttzs + :cg — 9(2:53)2! = ¢

Alternatively, once z3 and x5 are fixed, t can be any element with [¢| = 1 which
does not belong to (8(2z3)? — z3)7w"/(2x3) + wR. Thus, the volume of (73) is
equal to

“(-20-)

CASE 1b:  Assume that |2677'tz3] < ¢'. This subset of (72) is given by

(75) |t <1, |zo| < q7, lasl =q", Jtzs| < ¢, 4 — 6% + (2023 — 0) ~ 63| = 4.
Removing the third inequality, we enlarge the set {75) by

(76) [t| <1, |za| <7, |zsl = ¢, [tzs| = ¢, |4 - 6° + (2023 — 6)* ~ 63| = ¢".

Note this subset is non-empty only when [ = 2r, in which case its volume is

2
1
(77) / dt/ d.’L‘z/ d.’L‘3 = (1 - —) q2r.
1t]=1] |z2]<q™ lz3|=q" q
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Thus, when | < 27, the set {75} is given by
(78) [t| <1, |zo| <, |z3| = q7, |tas] < ', |4—6°+ (2023 — 0)° — 05| = ¢,

and, when [ = 2r, it is the difference of (77) and (76).
We obtained that when | < 2r, vol(Vi (1)) = W, — W,_y, and when [ = 2r,

VO](V1 (27’)) =Wy — Wo,_1 + (74) — (77)
Note that when [ = 2r, (70) is equal to (¢3X)~" and (74)—(77) is

2
1 2 1 1\ 1
q q q a/4q

The integral (65) over the subset of Case 1 is equal to

(@XM - (PX) ( . 1)1

_)(_T’
eX -1 q/q

(79) Z(Wz - Wis)g ™"

1<2r

where W, is the volume of the set defined by
22| < ¢7, |23l = ¢, |4 67 + (2023 — 6)* — 63| < ¢".

Case 2:  We have ¢"/|2 + 60z| > 1/|z1 +26(x3 — 1)]. Using (67), the integration
over a in (65) is performed when ¢ < |a| < g|z; + 26(z3 — 1)|~ . The integral
(65) is equal to

//// <Ja|<qler +26(zs 1)} laP(a(zy + 260(z3 — 1)) x(@)d* adzidzadzs,
97 "< | <glz1+20(z3 1)~

where the triple integral is taken over the set defined by
lz1] < q7, |z2] <¢7, |23l < ¢7, |21+ 20(z3 — 1)| > |2+ 62|¢"".

Define [ by |z; + 26(z3 — 1)] = ¢'. The integral above can be writen as

l—7 _
(80) §q ////q-rsnagquﬁzous—nrlw(a(wl+20(m3 ()

|a|?d* adtdzydzs,

where (for each [) x1, z2 and z3 range over the set

(81) |21 <", |oa| <&, Jos] < @7, Joy +20(23 — 1) = g, [2+02] < g



74 D. ZINOVIEV Isr. J. Math.

Applying (67), we split the integral over o into two integrals

I:/q“TS|a|<q—z + '/|a|—q1—'] laPy(a(z1 + 20(z5 — 1)) x(a)d* o

_ Z 3X qX)l_l

-1
k=—7

@X) ' - (@X) (@#x)
#X -1 g—1

(82) -

Making the change of variables in (81), z; = 20(1 — z3) + 7 ‘¢, where |¢| = 1,
the sum (80) is equal to

X 3X -r 3X 1-1
I<r

where V5({) is the set defined by
(84) |el =1, |zo| < ¢, |zs] < ¢, |4 —62 —207rr_le:c3+(29:c3—0)2—0:1:§| = 4.

Note that since |z3| < ¢” and |¢| = 1, we have |207!ex3| < ¢"t!. We distinguish
between the following subcases.

CASE 2a: Assume that |2607 ‘ex3| = ¢'*". It implies that |z3| = ¢". Following
the same argument as in Case la, we conclude that with this assumption, the
only non-empty subset of (84) is when [ = r. It is defined by

(85) le] =1, |z2| <4q7, |z3| =4¢", |27 "ex3 +x% - 0(223)2| < gL

Alternatively, once z; and z3 are fixed, € should be in —(z% — 8(2z3)%)n" /(2z3) +
7 R. Note that |¢| = 1. The volume of (85) is

2r (1 - 1) g
q/4
When [ = r, (82) is equal to (¢®X)™" — (¢®X)*~"/(q — 1). The contribution of
this case to (83) is
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CASE 2b:  Assume that [207~lez;3] < ¢"*7~1. Thus this subset of (84) is given
by

(87) el =1, |z2| < ¢, |z3] =q", |4~ 6%+ (2023 — 0)2 — 02| < g+ 1.

1
Note that the volume of this set is (1 — E)WHT_L

Combining these two subcases, the integral (65) over the subset of Case 2 is

equal to
ZWI lql(l B 1) [(q:%X)l—l _ (q3X)—r B (q3X)1—t}
(88) =" " ! T !

1
+ = (1 - 1) X7 —gX'T
q g

The answer is obtained on adding (79) to (88). Fix any k < 2r. To find the
coefficient of Wy, in (79), we consider the terms when ! = k and I = k + 1. This
coeflicient is equal to

& (@X) 1 - (@PX) e (@X)* - (¥X)"

(89) $X -1 PX -1

Similarly, to find the coefficient of Wy in (88), we consider the term with | =
1+ &k — r. The coefficient is equal to

(1 _ l>q1+k—r [(Q3X)r_k — (X)) (X

q ¢#X -1 qg—1
(90)  _ qk+1—r(q3X)T"k - (X)) & (@X)* -~ (*X)"
¢#X -1 #;X -1

_ qk—r(an)r——k'

The second term of (89) cancels the first one of (90). Thus, their sum is zero.
Further, note that

1
Wgr = / d:llz/ dmg = (1 - _)q2r.
jo2| <qm Jwal=qr q

Thus the sum of (79) and (88) is equal to

3 I—r _ (43 -7
W%qr(q X) (°X) _(1 1>1X_r

$#X -1 q/q

1
+ (1 - —) Ly _gxtr = xm - gxt.
/4

The Proposition is proved. |
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THEOREM: Corresponding f and f' are matching.

Proof: Indeed, as we have seen in Section 1.0, to prove that corresponding
functions are matching (i.e. ¥{a,¢;) = P{a)|a|¥ {a™!,¢)) it is enough to
show that (for r > 0)

(91) U(e, ;) = ()| ¥’ (0™, (=1)"q" (4] £ ¢7._1))-

Comparing Proposition 3.5 in the split case, and Proposition 3.6 in the non-
split case, with Proposition 3.1, we have (for r > 1)

[ wagixa)da= [ palol¥ e (<177 (6 £ ¢ Dxe)d

where y is any complex valued character of F'*. If x is ramified both integrals
are equal to 0. Fourier inversion formula now implies (91) when r > 1. When
r = 0, the formula (91) follows from the unit element case, treated in [FM]. ]
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